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Abstract. We compute the algebraic /f-theory modulo p and vi of the S-algebra 
£/p = fc(l), using topological cyclic homology. We use this to compute the homotopy 
cofiber of a transfer map K{L/p) K{Lp), which we interpret as the algebraic 
/sT-theory of the "fraction field" of the p-complete Adams summand of topological 
i^-theory. The results suggest that there is an arithmetic duality theorem for this 
fraction field, much like Tate— Poitou duality for p-adic fields. 



1. Introduction 

In this paper we continue the investigation of the algebraic i^T-theory of topologi- 
cal iiT-theory initiated in [AuR02] . There we computed the mod p and vi homotopy 
groups of K{£p) at primes p > 5, denoted by V{l)^,K{£p) or K/{p,vi)i,{£p), where 
ip is the Adams summand of the p-complete connective complex i^-theory spec- 
trum kup, with coefficients TT^,{ip) = ip* = Zp[fi], \vi\ = 2p — 2. Denoting by 
P{v2) the polynomial algebra over Fp generated by f2, \v2\ = 2p^ — 2, we showed 
that V{l)^,K{ip) is essentially a free P(?;2)-module on 4p + 4 generators. This is 
reminiscent, up to a chromatic shift of one in the sense of stable homotopy theory, 
of the structure of the mod p algebraic ii'-theory y(0)*i^'(Zp) = K/ of the 
p-adic integers, which is a free P(t;i)-module on p + 3 generators. 

The structure of the algebraic if-theory of Zp can be conceptually explained 
in terms of localization, Galois descent and motivic truncation. First, there is a 
localization sequence 

K{Z/p) ^ K{Zp) ^ KiQp) 

relating the algebraic ii'-theory of Zp to that of its fraction field Qp = ff{'Lp) and 
its residue field Z/p. Second, the vi-periodic mod p algebraic K-theory of Qp is 
the target of a Galois descent spectral sequence [Th85] 

E% = H^:i{Qp;¥p{t/2)) =^ V{0)s+tK{(Qp)[v^'] . 

The coefhcient module Fp(t/2) can be interpreted as V {0)tK {Qp)[v^^] by Suslin's 
Theorem [Su84], and this spectral sequence can be thought of as the continuous 
homotopy fixed-point spectral sequence in mod p homotopy associated to the ac- 
tion of the absolute Galois group of Qp on K{<Qp). Third, the unlocalized mod p 
algebraic K-theory of Qp is the target of a motivic spectral sequence [BL:ss], [FS02] 



Elt = H-lMp:^p{t/2)) =^ ViO)s+tKi 
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where 

[ tor r > I . 

In other words, the mod p motivic cohomology of Qp is a specific truncation of its 
Galois cohomology. In terms of Bloch's higher Chow groups [B186], the vanishing of 
H^g^{Qp;¥p{i)) for r > i follows from the fact that there are no varieties of negative 
dimension relative to Spec(Qp). The identification with Galois cohomology for r < z 
is part of the Beilinson conjectures [BMS87]. 

Our aim here is to conceptually understand V{l)^.K{ip) in the same way as 
we understand V{0)^K{Zp), using the Galois theory for commutative 5-algebras 
developed by the second author [Rog08] . The first task is therefore to identify the 
fraction field ff{ip) of ip. There is a localization sequence 

K{Zp) ^ K{ip) ^ K{Lp) , 

the existence of which was conjectured by the second author and established by 
Blumberg and Mandell [BM08], relating the algebraic JT-theory of ip to that of 
the periodic p-complete Adams summand Lp. The fact that p is not invertible 
in 7r*(Lp) = Lp* = Zp[vf^], and the presence of the nontrivial residue S'-algebra 
L/p = K{1) of Lp, give some indications as to why Lp should not qualify as the 
fraction field we are after. 

A naive guess would be to take the Bousfield localization Lp[p~^] of Lp away 
from p, inverting p in 7r*(Lp). However, Lp\p~^] is an i?Qp-algebra, and we cannot 
possibly recover the U2-periodic mod p and vi homotopy of K{ip) or K{Lp) from 
that of K{Lp[p~'^]), which is f2-torsion. See Remark 3.12. Therefore Lplp"-*-] does 
not qualify as the desired fraction field of ip. Instead, we have reasons to expect 
that if ff{ip) is the "correct" fraction field, by which we mean that it will suit the 
purpose of understanding algebraic K-theory by Galois descent, then its algebraic 
JT-theory K(ff(ip)) ought to fit in the following 3 x 3-diagram of localization cofiber 
sequences, see Definition 3.9. 



(1.1) 



K{Z/p) K{Zp) — > K{ 



K{ilp) K{lp) ^ K{p-Hp) 



K{L/p) K{Lp) K{ff{ip)) . 



We emphasize that for now p ^ip and ff{ip) are just formal symbols, not the same 
as the Bousfield localizations ip\p~^] and Lp\p~^]. The F(l)-homotopy groups of 
K{Z/p), K{Zp) and K{ip) arc known by [Qu72], [HM97] and [AuR02]. It therefore 
remains to compute V{l)^,K(i/p) and the transfer maps i* and vr* in order to be 
in a position to evaluate the F(l)-homotopy of the iterated cofiber K(ff(ip)). This 
is our main result, corresponding to Theorem 8.10 in the body of the paper. 
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Theorem 1.2. There is an isomorphism o/£'(Ai, A2) ® P{v2) -modules 

V{l),K{i/p) ^ P{v2) ® E{ei) (g) Fp{l, 8X2, A2, dv2} 

® P{v2) E{dlogvi) (g)¥p{t'^V2 \ KdKp^ -p,p\d} 
© P{v2) ® E{ei) Fp{t*A2 \ 0<d<p}. 

Here |Ai| = |ei| = 2p - 1, IA2I = 2p^ - 1, \v2\ = 2p^ - 2, |dlog?;i| = 1, \d\ = -1 
and \t\ = —2. This is a free P{v2)-module of rank {2p^ — 2p + 8) and of zero Euler 

characteristic, where p > 5 is assumed. 

As explained in Section 2, the spectrum i/p admits infinitely many structures 
of an associative £p-algebra, none of which are commutative. However, all of these 
^p-algebras have equivalent underlying S'-algcbra structures [An:un], and indeed it 
turns out that the additive structure of V{l)^,K(i/p) is independent of the choice 
of ^p-algebra structure. The classes Ai, A2 and V2 are present in V{l)>tK{ip), and in 
the statement above we refer to the y(l)*K(£p)-module structure of V{l)^,K{£/p). 
We prove this theorem by means of the cyclotomic trace map to topological cyclic 
homology TC{l/p). On the way we evaluate V{\)itTHH{l/p), where THH denotes 
topological Hochschild homology, as well as V(l)t,TC{i/p), see Proposition 5.4 and 
Theorem 8.8. 

Defining K{Jf{ip)) as the iterated cofibcr in diagram (1.1), wc can then evalu- 
ate its y(l)-homotopy. The formulation given in Theorem 9.4 readily implies the 
following statement. 

Theorem 1.3. Let p > b be a prime. There is an isomorphism of P{v^^) -modules 

V{l).K{ff{ip))[v2'] = P{vt') ® A* 

where 

A* = ^((9^2, dlogp, dlogfi) 

e ^(dlog vi) (g) Fpif^Xi \ 0<d<p} 

®£'(dlog7;i) ig¥p{t'^V2 dlogp \ < d < p'^ - p,p \ d} 

© E{dlogp) (8) Fp{t*A2 \ 0<d<p} 

is displayed in Figure 10.3. Here \ dlogp | = 1, and the degrees of the other classes 
are as in Theorem 1.2. The localization homomorphism 

V{l),K{ff{lp)) ^ V{l),K{ff{lp))[v:^^] 

is an isomorphism in degrees * > 2p. 

This proves that the iterated cofiber K{ff(£p)) cannot be a -fC(Qp)-module, since 
V{l)^,K{Qp) is a torsion P(t;2)-module. 

In the final part of this paper, we conjecturally interpret the computation of 
Theorem 1.3 in terms of Galois descent. Indeed, the second author conjectured 
that if rii is a separable closure of ff{ip), then there is a homotopy equivalence 



Lk(2)K{Qi) ~ E2 
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Here E2 is Morava's E^-theory [GH04] with coefficients 'k^E2 = W(Fp2)[['Ui]][u=^^], 
and Lx{2) denotes Bousfield localization with respect to the Morava iiT-theory K(2) 
with coefficients 7r*K(2) = IFp[t'^^]. The 'i;2-periodic y(l)-homotopy groups of 
Kiyii) will then be given by 

We therefore conjecture to have a corresponding Galois descent spectral sequence 

Elt = H^:iiffie,y,¥Xt/2)) ^ VilU,K{ff{£,))[v2'] , 

see Conjecture 10.5. Starting with V{l)^,K{jf{£p))[v2^] and working backwards, we 
give a conjectural description of the Galois cohomology of ff{£p) with coefficients in 
V{l)^K{i}i)[v2^], sec Figure 10.3. This fits very well with the example of the Galois 
cohomology of Qp with coefficients in V{0)^K{Qp)[v^^], with the difference that 
the absolute Galois group of ffiip) has cohomological dimension 3 instead of 2. 
Also, there appears to be a perfect arithmetic duality pairing in the conjectural 
Galois cohomology of jj{ip), analogous to Tatc-Poitou duality for local number 
fields, which is not present in the analogous cohomology rings for £p or Lp. This 
indicates that ff{£p) ought to be a form of 5-algebraic two-local field, mixing three 
different residue characteristics. As argued in section 3 of this paper, we expect 
very similar results to hold for £p replaced by kup. 

The paper is organized as follows. In section 2 we fix our notations, show that 
£/p admits the structure of an associative f-algebra, and give a similar discussion for 
ku/p and the periodic versions L/p and KU/p. We give derived algebro-geometric 
and log-geometric interpretations of these constructions. In section 3, we discuss 
localization sequences in algebraic i^-theory. Section 4 contains the computation of 
the mod p homology of THH{£/p), and in section 5 we evaluate its F (l)-homotopy. 
Sections 6, 7 and 8 deal with the computation of TC{£/p) and K{£/p) in 1^(1)- 
homotopy. In section 9 the various computations are assembled in a diagram of 
localization sequences, to evaluate V{\)^K{ff{£p)). In section 10, the structure 
of V{l)^:K{ff{lp)) is interpreted in terms of Galois descent, yielding a conjectural 
description of the Galois cohomology of ff{£p)- 

2. Base change squares of 5- algebras 

We fix some notations. Let p he a prime, even or odd for now. Write X(p-) and 
Xp for the p-localization and the p-completion, respectively, of any spectrum or 
abelian group X. Let ku and KU be the connective and the periodic complex K- 

theory spectra, with homotopy rings ku.^: = and KU* = Z[u^^], where \u\ — 2. 
Let i = BP{1) and L = E{1) be the p-local Adams summands, with £^. = Z(p)[t;i] 
and = Z(p) [t;^"*^], where = 2p — 2. The inclusion £ ku(^p'j maps vi to . 

Alternate notations in the p-complete cases are KUp = Ei and Lp = E{1). These 
ring spectra are all commutative iS-algebras, in the sense that each admits a unique 
£■00 ring spectrum structure. See [BR05] for proofs of uniqueness in the periodic 
cases. 

Let ku/p and KU jp be the connective and periodic mod p complex i^-theory 
spectra, with coefficients {ku/p)* = 'Llp\u\ and {KU/p)* = "L/plu^^]. These are 
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2-periodic versions of the Morava if-theory spectra ij'p = k{l) and L/p = K{1), 
with {i/p)* = Z/p[vi] and {L/p)^ = 'Ljp\v^^\. Each of these can be constructed 
as the cofiber of the multiplication by p map, as a module over the corresponding 
commutative S'-algebra. For example, there is a cofiber sequence of fcu-modules 
ku ^ ku ^ ku/p. 

Let HR be the Eilenberg-Mac Lane spectrum of a ring R. When R is associa- 
tive, HR admits a unique associative S'-algebra structure, and when R is commu- 
tative, HR admits a unique commutative S'-algebra structure. The zeroth Post- 
nikov section defines unique maps of commutative S-algebras tt: ku ^ iJZ and 
tt: I ^ HZf^p-^, which can be followed by unique commutative S'-algebra maps to 
HZ/p. 

The A;«-module spectrum ku/p does not admit the structure of a commutative 

/cu-algebra. It cannot even be an E2 or H2 ring spectrum, since the homomorphism 
induced in mod p homology by the resulting map vr: ku/p HZ/p of H2 ring 
spectra would not commute with the homology operation Q^(fo) = fi in the target 
H^{HZ/p;¥p) [BMMS86, IIL2.3]. Similar remarks apply for KU/p, i/p and L/p. 
Associative algebra structures, or A^o ring spectrum structures, are easier to come 
by. The following result is a direct application of the methods of [LaOl, §§9-11]. 
We adapt the notation of [BJ02, §3] to provide some details in our case. 

Proposition 2.1. The ku-module spectrum ku/p admits the structure of an as- 
sociative ku-algebra, but the structure is not unique. Similar statements hold for 
KU/p as a KU -algebra, l/p as an i-algebra and L/p as an L-algebra. 

Proof. We construct ku/p as the (homotopy) limit of its Postnikov tower of as- 
sociative /cM-algebras p2m-2 _ J^n/ {j)^yj^'^^ with coefficient rings ku/(p,u'^)^: = 
ku^,/{p,u"^) for m > 1. To start the induction, P° = HZ/p is a A;«-algebra via 
ion: ku ^ HZ HZ/p. Assume inductively for m > 1 that P = p2m-2 y^^^ been 
constructed. We will define P^"^ by a (homotopy) pullback diagram 

p2m ^ p 

ini 

P — ^ P V T.'^'^+^HZ/p 
in the category of associative /cu-algebras. Here 

d G ADer2-+i(P, HZ/p) ^ THHII'+\P, HZ/p) 

is an associative fcu-algebra derivation of P with values in Tp''^'^^HZ/p, and the 
group of such can be identified with the indicated topological Hochschild cohomol- 
ogy group of P over ku. We recall that these are the homotopy groups (cohomolog- 
ically graded) of the function spectrum Fp^i^^pop{P, HZ/p). The composite map 
pr2od: P Ti'^'^'^^HZ/p of A;u-modules, where pr2 projects onto the second wedge 
summand, is restricted to equal the feit-module Postnikov fe-invariant of ku/p in 

Hl^+\P;Z/p)=7roFk^{P,^^^+'HZ/p). 

We compute that 7r*(P A/c„ P°^) = ku^/{p,u"^) £^(to, ri^^)) where |ro| = 1, 
ki.ml = 2m -I- 1 and E{—) denotes the exterior algebra on the given generators. 
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(For p = 2, the use of the opposite product is essential here [An08, §3].) The 
function spectrum description of topological Hochschild cohomology leads to the 
spectral sequence 

= ^/p[yo,yi,m] 

^THHl^{P,HZ/p), 

where yo and yi^m have cohomological bidegrees (1, 1) and (l,2m + l), respectively. 
The spectral sequence collapses at E2 = E^o, since it is concentrated in even total 
degrees. In particular, 

Additively, H'^^~^^{P;'Z,/p) = ¥p{Qi „i} is generated by a class dual to ri^m, which 
is the image of yi^m under left composition with pr2- It equals the fcu- module 
^-invariant of ku/p. Thus there are precisely p choices d = yi^m + oj/cT^^' "^i^h 
a G Fp, for how to extend any given associative fen- algebra structure on P = p2m-2 
to one on P^m _ /j^yj^p^ 77™+^). In the limit, wc find that there are an uncountable 
number of associative fen-algebra structures on ku/p = holim^.^^"*, each indexed 
by the sequence of choices a G Fp. 

The periodic spectrum KU/p can be obtained from ku/p by Bousfield KU- 
localization in the category of feu-modules [EKMM97, VIII. 4], which makes it an 
associative iCfJ-algebra. The classification of periodic ^-algebra structures is the 
same as in the connective case, since the original fen-algebra structure on ku/p can 
be recovered from that on KU/p by a functorial passage to the connective cover. 
To construct i/p as an associative ^-algebra, or L/p as an associative L-algebra, 
replace n by vi in these arguments. □ 

By varying the ground ^-algebra, we obtain the same conclusions about ku/p as 
a fen(p)-algebra or fenp-algebra, and about (./p as an ^p-algebra. Similarly, for each 

> 1 wc can realize the feii-module spectrum ku/p^ , with {ku/p'^)^, = Z/p'^[u], as 
an associative fen-algebra, and with a little care the fen-algebra structures may be 
so chosen that the p-adic tower 

(2.2) ^ fen/p^+^ ^ ku/p" ^ ku/p 

is one of associative fen-algebras. Uncountably many choices of structures remain, 
though. Again, the same remarks apply over £, where the p-adic tower {£/p''}u can 
be chosen to be one of associative ^-algebras. 

For each choice of fen-algebra structure on ku/p, the zeroth Postnikov section 
tt: ku/p ^ HTj/p is a fen-algebra map, with the unique fen-algebra structure on the 
target. Hence there is a commutative square of associative fen-algebras 

(2.3) fen ^ ku/p 



TT TT 

HZ — ^ HZ/p 
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and similarly in the p-local and p-complete cases. In view of the weak equivalence 

HTj Aku ku/p ~ HTj/p, this square expresses the associative ffZ-algebra HTLjp as 
the base change of the associative A;ti-algebra kujp along n: ku ^ HZ. Likewise, 
there is a commutative square of associative ^-algebras 

(2.4) e — > i/p 



HZ^p) -J-^ HZ/p 

that expresses HZ/p as the base change of ^|p along ^ — -ffZ(p), and similarly in 
the p-complete case. By omission of structure, these squares are also diagrams of 

5-algebras and S"- algebra maps. 

Remark 2.5. We might think algebro-geometrically about these diagrams. In other 
words, we would like to view the ^'-algebras in diagram (2.3) as the rings of functions 
on a diagram 

Spec(Z/p) — ^ Spec(Z) 



Spnc(A;u/p) — ^- — > Spec(A;u) 

of affine derived schemes, in the sense of Jacob Lurie, or affine brave new schemes in 
the sense of Toen and Vezzosi. Here Spec(A;?x) has the same underlying prime ideal 
space as Spec(7ro(fc'u)) = Spec(Z), but it is ringed in commutative 5-algebras, rather 
than in ordinary commutative rings. Over the open subset Spec(Z[/~-^]), where / 
is a finite product of primes, the ring of functions is the commutative 5-algebra 
ku[f~^] with coefHcient ring A:tt*[/~^]. However, since ku/p is not a commutative 
iS-algebra, we do not know how to make good sense of its structure space. At best, 
i: Spnc(/cu/p) Spec(A;M) can be though of as a map from a non-commutative 
derived scheme to the derived scheme Spec(/ctt). The base change assertion above 
then says that Spec(Z/p) is the fiber of Spnc(A;'tx/p) over the closed subspace Spec(Z) 
in Spec(fcu), which in turn happens to be an honest (commutative) scheme. 

Remark 2.6. At this point we recall how Spec of the fraction field F = jf{R) of an 
integral domain R is obtained geometrically by cutting away all the proper closed 
subspaces of Spec(i?). The remaining open subset represents the generic point of 
Spec(i?). For any localization T of R, with R C T C F, we also have F = jf{T), so 
F is simultaneously the fraction field of R and of T. In the case of Spcc{ku), with 
R = ku, the analogous (sub-)spaces appear to be Spec(Z) (included by vr) and the 
Sj3nc{ku/p) (mapped by i) for all primes p, so Spec of the fraction iie\dff{ku) should 
consist of the complement in Spec(A;'u) of all of these spaces. In the p-complcte case, 
this means cutting out the two spaces Spec(Zp) and Spnc{ku/p) from Spcc{kup), 
meeting precisely along their intersection Spec(Z/p). The remainder should be 
Spec{ff {kup)) . We expect that the complement of Spec(Zp) in Spec(fc'Up) will play 
the role of Spec{KUp), and that the complement of Spec(Z/p) in Spnc{ku/p) will 
play the role of Spnc(KU/p), so the S-algebraic fraction field of kup is also realized 
as the iS-algebraic fraction field of KUp, denoted ff{kup) = ff{KUp) = p~^KUp. 
Similarly, Spec of the fraction field 

ff{ip)=ff{Lp)=p-^Lp 
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of or Lp would be the complement of Spec(Zp) and Spnc(^/p) in Spec(^p), meet- 
ing at Spec(Z/j)). 

Based on the algebraic X-theory computations to follow, we have strong reasons 
to believe that the complement Spcc(p~^A;?x) of Spnc(A;ti/p) in Spec(/cti) is not 
equal to the derived algebraic scheme associated to the commutative /cu-algebra 
ku[p~'^] that is obtained by (algebraic) Bousfield localization away from p. See 
Remark 3.12 for the calculational justification of our expectation. Similarly, in the 
p-complete case the complement S]iec{p~^kup) of Spnc(fc«/p) in Spec(A:«p) is not 
equal to Spcc(/cUp[p~-^]), and in the periodic case the complement Spec(p~ ^i^C/p) = 
Sp ec{ff (kup)) is difi'erent from Spcc(K Up[p~^]). In fact, wc do not expect that 
Spec{p~^kup) and Spec{ff{kup)) are affine derived schemes in the sense that they 
are equal to Spec(S) for a commutative S'-algebra B. Still, they may be derived 
stacks, in a sense approximated by the following remark. 

Remark 2.7. Since Spnc{ku/p) is not actually a closed sTibschcmc of Spcc{kup), 
but only maps to the complement of the open subschcmc Spcc(A;Up[p~-'^]), we ex- 
pect that a derived scheme Spec{p~^kup) that is complementary to Spjic(ku/p), is a 
derived algebro-geometric object which is intermediate between Spec{kup\p~^]) and 
Spcc(A;Mp). In forthcoming work, by the second author together with Clark Barwick 
and Steffen Sagavc, wc hope to give good sense to this intermediate object as a log- 
arithmic S-algebra {kup, M), where M is a pointed E^o space. See also Remark 3.3. 
This makes {kup,M) a logarithmic iS-algebra and Spec(fc«p,M) an affine derived 
logarithmic scheme. Following Martin Olsson's work in the classical algebraic case 
[O103], this derived logarithmic scheme can be faithfully represented by the derived 
stack representing the oo-category of derived logarithmic schemes over it. Hence 
we expect that this moduli stack of Spec(A;Up,M) will provide the desired derived 
stack interpretation of Spec{p~^kup). Related topological logarithmic structures on 
kup will then provide useful interpretations for Spec{KUp) and Spec(ff (kup)) . See 
[Rog09] for a set of foundations of topological logarithmic geometry, and [Rogdtc] 
for the construction of topological cyclic homology of a logarithmic S'-algebra. 

3. LOCALIZATION SQUARES IN ALGEBRAIC i^-THEORY 

We are interested in the algebraic i^-theory spectra of the S'-algebras considered 
in the previous section. For an S-algebra B, we adapt [EKMM97, VI] and let Cb be 
the category of finite cell S-modulcs and i?-module maps. This is a category with 
cofibrations and weak equivalences in the sense of [Wa85, §1], with cofibrations 
the maps that are isomorphic to the inclusion of a sub complex, and weak equiva- 
lences the homotopy equivalences. The algebraic X-theory of B, denoted K{B), is 
defined to be the algebraic i^-theory of this category with cofibrations and weak 
equivalences. When B = HR is an Eilenberg-Mac Lane spectrum, it is known that 
K{HR) ~ K{R) recovers Quillen's algebraic X-theory of the ring R. 

Hip: A ^ B\s a map of S'-algebras, the exact functor Bf\A{—) : Ca ^ Cb induces 
a map f* : K{A) K{B), making K{—) a covariant functor in the S-algebra. We 
shall follow the variance conventions of algebraic geometry, thinking of K(—) as 
a contravariant functor in a (not yet generally defined) geometric object Spec(— ) 
associated to the S-algebra, so that (p* is derived from the inverse image functor on 
sheaves. This is done to avoid confusion with the transfer maps : K{B) K{A), 
derived from the direct image functor on sheaves. 

Suppose that (p: A ^ B makes B a finite cell A-module. Then each finite cell 
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5-module M can be viewed as an ^-module along ip, and each 5-cell attachment 

needed to build M can be achieved by attaching finitely many ^-cclls, one for 
each ^-cell in B. The resulting exact functor Cb ^ Ca induces the transfer map 
K{B) ^ K{A). 

When A is a commutative S'-algebra, the smash product (— ) Aa {—) induces a 
pairing on Ca that makes K{A) a commutative S'-algebra. When A is central in B, 
so that B is an 74-algebra, the smash product makes K{B) a K{A)-m.odule, and 
the maps (p* : K{A) K{B) and : K{B) K{A) (when defined) are K{A)- 
module maps. In other words, the transfer is a module map over its target. When 
B is commutative, then K[B) is likewise a commutative S'-algebra, and ip* is a 
commutative S'-algebra map. The ivr(yl)-linearity of 99* can then be expressed by 
the projection/reciprocity formula (x) Ab y) = x Aa f*iy)- 

We apply this to the maps i: ku ^ ku/p and tt: ku ^ HZ. Here ku/p = kuUpC^ 
and HZ = ku U„ in the category of /cu-modules, meaning that ku/p is obtained 
from ku by attaching a 1-cell along p, and that HZ is obtained from ku by attaching 
a 3-cell along u. The transfer maps i* and tt* and their variants then define the 
upper left hand square in the following commutative diagram, where all rows and 
columns are cofiber sequences. 



(3.1) 



^K{Z) 



-^K{Z[p-^]) 



K(ku) ^ K{p-^ku) 



K{Z/p) 



K{ku/p) 



K{KU/p) K{KU) K{p-^KU) 

The upper row is a cofiber sequence by Quillen's localization theorem for Dedekind 
domains [Qu73]. Andrew Blumberg and Mike Mandell [BM08] have proved that 
the middle column is a cofiber sequence, as conjectured by the second author. The 
result is analogous to that of Quillen, in that ku/u ~ HZ and fctifu"-^] ~ KU . The 
same argument shows that the left hand column is a cofiber sequence. 

We complete the 3x3 diagram of cofiber sequences by making the following ad 
hoc definition. 

Definition 3.2. Let K{p~^ku) and K{p~^KU) denote the (homotopy) cofibers 
of the transfer maps : K{ku/p) — K{ku) and : K{KU/p) K{KU), respec- 
tively. 

Remark 3.3. The theory of logarithmic structures on S-algebras, see [Rog09], is 
designed to model intermediate objects between a commutative S-algebra B, like 
ku, and its localizations, like ku[p~^]. A logarithmic structure on B is given by a 
commutative S-algebra map S[M] B from the spherical monoid ring on a "com- 
mutative monoid" M, where the latter term should be interpreted in a sufficiently 
flexible category to also encompass E^o spaces. In joint work with Steffen Sagave, 
the second author has defined a category of logarithmic modules over a logarithmic 
S'-algebra {B,M), and one may define the logarithmic ii'-theory K(B,M) as the 
algebraic X-theory of the category of suitably finite objects in that module cat- 
egory. It still remains to be seen if one can realize K{p~^ku) as K(ku,M) for a 
suitable logarithmic S-algebra {ku,M). 
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Remark 3.4- There is a similar 3x3 diagram to (3.1), in which the left hand column 

is replaced by the sum of corresponding columns for all primes p, and is replaced 
by the sum of the transfer maps. By Quillen's localization sequence the upper right 
hand term can be written as K{Q). We expect that the lower right hand term 
then plays the role of the algebraic i^'-theory of the S'-algebraic fraction field of ku, 
denoted K{jf{ku)). The hypothetical fraction field has a valuation with uniformizer 
u, and the middle right hand term K{0) in the 3x3 diagram plays the role of the 
algebraic if -theory of an S'-algebraic valuation ring O of jf{ku). However, we do 
not expect that this fraction field ff{ku) is the rationalization LqKU = KUQ_ of 
the S-algebra KU. This expectation is again supported by the algebraic iiT-theory 
computations that follow. 

We shall use the topological cyclic homology TC(—) and the cyclotomic trace 
map trc: K{B) TC{B) of [BHM93] to compute the algebraic if -theory spectra 
and maps in the diagram (3.1) above, after making two modifications. Firstly, we 
will replace ku by its p-completion kup, and secondly we will pass to the Adams 
summand £p of kUp. We will now motivate these two changes, and discuss their 
effect on the algebraic if -theory diagram. 

First, the cyclotomic trace map is very close to a p-complete equivalence when 
applied to connective p-complete S-algebras B with Tro{B) = Z/p or Zp, or a finite 
extension of these. More precisely, K{B)p is the connective cover of TC{B)p in these 
cases [HM97]. Therefore we shall pass to the p-completc situation, replacing ku and 
iiZ by kup and iiZp, respectively. In view of [Du97], the iterated (homotopy) fiber 
of the square 

K{ku)p — - — > K{kup)p 



K{Z)p^^KiZp)p, 

where k: ku ^ kup and k: HX, HZp denote the completion maps, is ho- 
motopy equivalent to the iterated fiber of the corresponding square of topologi- 
cal cyclic homology spectra, and the latter is trivial, since TC{B)p ~ TC{Bp)p. 
Therefore the fiber of K{ku)p — > K{kup)p is homotopy equivalent to the fiber of 
K{Z)p K{Zp)p, so the change created by passing to the p-complete case is as 
well understood for ku and kup as in the number ring case. 

In fact, our calculations shall concentrate on the f2-periodic behavior of the 
algebraic if -theory of the S-algebras related to topological if -theory, rather than 
the subsequent issues of divisibility hy vq = p and vi = u'p~^. We achieve this by 
working with homotopy with mod p and vi coefficients, i.e., with the y(l)-homotopy 
functor X ^ V{1).,X = 7r*(y(l) A X), where ^(1) = S/{p,vi) is the Smith-Toda 
complex [Sm70] defined for p odd as the mapping cone of the Adams self-map 
vi: S2p-2y(0) ^ V{0) of the mod p Moore spectrum V{0) = S/p = S Up 
Hence there is a cofiber sequence 

E2p-V(0) ^ 1/(0) ^ V{1) ^ E2p-1i/(0) . 

The Smith-Toda complex V{1) is a homotopy commutative and associative ring 
spectrum for p > 5 [Ok84], and its i?i-*-homology satisfies BP^,V{1) = BP^/{p,vi). 
In this sense V{1) generalizes the mod p Moore spectrum representing mod p homo- 
topy, and represents modp and vi homotopy. There is an element V2 G T^2p'^ -2V (,^) , 



K-THEORY OF THE FRACTION FIELD OF K-THEORY 



11 



with image ^2 in BP*y(l). So is a finite complex of type 2 in the sense of 
[HoSm98], with telescope ^(l)['y2'^] the spectrum that represents i;2-pcriodic homo- 
topy, V{l)4X)[v2^]. The composite map = hji: V{1) ^^^-^^(l) defines 
the primary vi-Bockstein homomorphism acting naturally on V{1)^X. 

It is known by [BM94] and [BM95] that V{l)^K{Zp) is a finite Z/p-module. 
Furthermore, the announced proof of the Bloch-Kato conjecture by Vladimir Vo- 
evodsky and Markus Rost also implies the Lichtenbaum-Quillen conjecture on 
the algebraic i^-theory of rings of integers in number fields, which in turn im- 
plies that V{1)^,K{7j) is a finite Z/p-module. So the common fiber of the maps 
K(7j)p — > K{7jp)p and K[ku)p K{kup)p has (totally) finite y(l)-homotopy. 
Therefore, replacing i^(Z) by K{Zp) and K{ku) by K{kup) in diagram (3.1), and 
still defining the lower row and the right hand column so as to obtain a 3 x 3 square 
of cofibrations, only changes the y(l)-homotopy in the diagram by a finite Z/p- 
module. In this case the upper right hand corner is K(Qp), since Zp[p~^] = Qp, 
and the lower right hand corner p~^KUp plays the role of the S'-algebraic fraction 
field of kUp, denoted ff{kup). It follows that the W2-periodic homotopy, given by 
V{l)^K{ku)[v2^], etc., does not change at all: 

(3.5) V{l),K{p-'KU)[v^'] - V{l%K{jf{kup))[v^'] . 

Along the same lines, we might have started with the version of diagram (3.1) 
discussed in Remark 3.4, inverting all primes in Z rather than just p. This adds a 
copy of the cofiber sequence K{Z/r) K{ku/r) K{KU/r) to the left hand 
column, for each prime r ^ p. Here vr* : K{ku/r)p K{Z/r)p is easily seen to 
be an equivalence, using the BGL{—)^ -model for algebraic ii'-theory, and from 
the F^p'^-model for K{'L/r) from [Qu72] it is clear that V{l)^K(7j/r) is finite and 
concentrated in degrees < * < 2p — 2. Therefore, replacing the right hand column 
by the cofiber sequence K{Q) K{0) K{jJ{ku)), where O = Cjg^(fcu) is the 
valuation ring of the fraction field of ku, only changes the y(l)-homotopy in a finite 
range of degrees, and the U2-pcriodic homotopy is unchanged: 

(3.6) Vil).K{p-'KU)[v^'] ^ y(l).K(#(feu))K'] • 

Second, the Hurewicz image of the Bott element u is nilpotent in the mod p 
homology of the spectrum ku, since uP~^ = vi has Adams filtration 1, and this sig- 
nificantly complicates the algebra involved in computing the topological Hochschild 
homology THH{—) and the topological cyclic homology TC{—) of ku, compared 
to the computations for its Adams summand I. Compare [MS93], [AuR02] and 
[Au05]. Therefore, for the detailed calculations in this paper we shall restrict at- 
tention to the Adams summands ip and l/p of kup and ku/p, respectively. The 
map Lp KUp is a A-Galois extension of commutative 5-algebras, in the sense 
of [Rog08, §4.1], where A = (Z/p)>< ^ Z/(p - 1) acts on KUp through the p-adic 
Adams operations fixing Lp. Generalizing the Lichtenbaum-Quillen conjecture, it 
is therefore to be expected that the map 

$: K{Lp) ^ K{KUpf^ 

is (close to) an equivalence after p-adic completion, and similarly for the fraction 
fields. Indeed, the first expectation is known to be correct: Consider the map of 
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horizontal cofiber sequences 



(3.7) 



pjp 



p-i 



where the lower row is obtained from the Blumberg-Mandell localization sequence 
by taking A-homotopy fixed points (A acts trivially on Zp = Tro{kup)), and the 
upper row is its analogue for the Adams summand. The left hand vertical map 
multiplies by the ramification index (p — 1), since the uniformizer Vi in Lp maps 
to that power of the uniformizer u in KUp. More directly, the upper map tt* takes 
the unit class of HZp to that of the complex : 'E'^P~^£p £p, which extends 
along ip kup to the class of vi = u^~^ : Ti^'P~'^kup —> kup. This is equivalent to 
{p — 1) times the class of u: Tp'kup kup, which is the image of the unit class 
of HTjp under the lower map tt^^. Either way, the left hand vertical map is a 
p-adic equivalence. Thus the middle vertical map is an equivalence if and only 
if the right hand vertical map $ is one. These equivalent conclusions are indeed 
precisely verified by the calculations of the first author in [Au05], showing that 
V{l)^,K{£p) = V{l)^,K{kUp)^, from which the corresponding assertion for p-adic 
integral homotopy groups follows by a Bockstein argument. 

Conversely, the later calculations of [Auitcku] show that there is an element b G 
V{l)2p+2K{ku) with fef-i = -V2, related to a(o,i) G K{2)2p+2K{Z/p,2) [RaWiSO, 
§9] via the composite map 

K{Z/p,2) K{Z,3) BGLi{ku) K{ku) 

and the unit map V{1) ^(1) A E{2) = K{2). Furthermore, there is an isomor- 
phism 

nh^') ®p(.t') y{'^)*K{ip)[v2'] = V{l)..K{kup)[v2'] 

where P{x^^) denotes the Laurent polynomial algebra over Fp generated by x. The 
left hand side can also be written as the algebraic extension 

V{l).K{ip)[v:^\h]/{V-^ +V2). 

Here A acts faithfully on b, fixing bf~^ = —V2, so this both shows how the V2- 
periodic algebraic ET-theory of kup is generated by that of ip and the element b, and 
conversely how the 'U2-periodic algebraic X-theory of ip can be recovered from that 
of kup as the fixed points of the Galois action. In view of the cofiber sequences (3.7) 
above, the corresponding formulas also hold with Lp and KUp in place of ip and 
kup . 

We are therefore confident that fcit-based calculations of K{ku/p), K{kUp) and 
K{jJ{kup)), hke the £-bascd calculations of K{i/p), K{ip) and K{ff{ip)) to be 
presented here, will verify the, for now conjectural, formula 

(3.8) P(6±i) ®p(,±i) V{l).K{ff{ip))[v^^] - V{l).K{ff{kup))[v^^] 

and show that V{l)^K{jf{ip))[v2'^] can be recovered as the A-invariants of the right 
hand side. Thus we expect these more complicated calculations to give qualitatively 
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the same answers. One reason to perform such more comphcated calculations, 

other than to confirm our expectations, would be to precisely identify the image of 
V{l)^K{ff{kup)) in V{l),K{ff{kUp))[v2\ and to check that the map inverting V2 
is very close to being injective, but we will not address this matter in the present 
paper. 

With this we are done with our justifications for concentrating on the follow- 
ing framework. We collect the relevant definitions in one place, for the reader's 
convenience. 

Definition 3.9. Let £p be the p-complete connective Adams summand, which is 
a well-defined commutative S-algebra, with w^ip = Zp[t;i]. For each choice of 
associative £p-algebra structure on £/p, the p-complete form 



i/p 



of diagram (2.4) is a base change square of associative ^p-algebras. Each map 
i: ip ^ £/p, i: HZp — > HZ/p, n: ip ^ HZp and tt: i/p HZ/p makes the target 
a finite 2-cell complex over the source. The respective transfer maps in algebraic 
iiT-theory define the upper left hand square in the diagram (3.10) below. 

The upper row, and the left hand and middle columns, are cofiber sequences by 
the algebraic i^-theory localization sequences of Quillen and Blumberg-Mandell, 
respectively. We define K{p~^ip) and K{p~^Lp) to be the cofibcrs of the transfer 
maps in the middle and lower rows, respectively. This makes K{p~^Lp) the iter- 
ated cofiber of the upper left hand square. Furthermore, we write ff{£p) = jf{Lp) 
for the symbol p~^Lp, and consider it as an S'-algebraic fraction field of ip. Like- 
wise, we consider the symbol p~^£p as an S'-algebraic valuation ring for a valuation 
on ff{ip) with uniformizer vi. Then the following diagram is a 3 x 3 square of 
cofiber sequences. 



(3.10) 



K{Z/p) K{Zp) -^-^ K{Qp) 



K{£/p) K{£p) —L^ Kip-Hp) 



K{L/p) K{Lp) K{ff{£y)) 



Remark 3.11. We gave the existence of a non-trivial S'-algebra homomorphism 
Lp L/p as one argument for why Lp is not an S'-algebraic field. However, this 
is in an essential way a non-commutative phenomenon. It follows from [BMMS86, 
III.4.1] that any commutative S'-algebra with p = in ttq is an i7Z/p-module, 
hence any commutative Lp-algebra with p = in tto is trivial, since HT^/pALp ~ *. 
Algebraic ivT-theory is a functor of associative S'-algebras, not just of commuta- 
tive S'-algebras, so this should not be perceived as an insurmountable obstacle, but 
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it still illustrates some of the subtleties involved in thinking algebro-geometrically 
about these S-algebras. 

Remark 3.12. It is time to explain why we do not think of K(p~^ku) as the al- 
gebraic i^-theory of the S-algebra ku[p~^], etc. For primes p > 5 we computed 
V{l)^K{£p) in [AuR02], and we shah compute V{l)^K{£/p) in Theorem 8.10 be- 
low. The results are different, also after inverting V2, so V{l)^K{p~^£p)[v2^] is 
certainly nonzero. This is a direct svimmand of V(l)^,K{p~^kUp)[v2^], which is iso- 
morphic to V{l)..K{p-'ku)[v2\ Vil),K{jf{kup))[v2'] and V{l),K{ff{ku))[v-^], 
so all of these are also nonzero. On the other hand, kup is an S'p-algebra. so the 
localization kup\p~^] is an Sp[p~^ c± ifQp-algebra. Therefore V{l)^,K{kup[p'''-]) is 
a module over V{l)^K{Qp), which is finite, so V{l)^,K{kup\p~^])[v2^] is a module 
over F(l)*K(Qp)[w^^], which is zero. Hence V{l)^K{kup\p-'^])[v2'^] = 0. There- 
fore p~^kup 9^ kup\p~^\ and ff{kup) 9^ KUp\p~^]. 

4. Topological Hochschild homology 

In this and the following sections, we shall compute the F(l)-homotopy of the 
topological Hochschild homology THH{—) and topological cyclic homology TC{—) 
of the S'-algcbras in the upper left hand square in diagram (3.10), for primes p > 5. 
Passing to connective covers, this also computes the y(l)-homotopy of the algebraic 
if-theory spectra appearing in that square, which by the projection formula for the 
transfer maps allows us to compute the y(l)-homotopy of the remaining entries 
in the diagram, including K{p~^Lp) = K{ff(ip)). With these coefficients, or more 
generally, after p-adic completion, the functors THH and TC are insensitive to 
p-completion in the argument, so we shall simplify the notation slightly by working 
with the associative S- algebras H. and i^Z(p) in place of dp and HZp. For ordinary 
rings R we almost always shorten notations like THH{HR) to THH(R). 

The computations follow the strategy of [Bo:zzp], [BM94], [BM95] and [HM97] 
for HZ/p and HZ, and of [MS93] and [AuR02] for £. See also [AnR05, §§4-7] for 
further discussion of the THH-part of such computations. In this section we shall 
compute the mod p homology of the topological Hochschild homology oi l/p as a 
module over the corresponding homology for I, for any odd prime p. 

We write E{x) = ¥p[x\/{x'^) for the exterior algebra, P{x) = Fp[x] for the poly- 
nomial algebra and P{x^^) = ¥p[x,x~^\ for the Laurent polynomial algebra on 
one generator x, and similarly for a list of generators. We will also write T{x) = 
^vilii^) M ^ 0} foi' the divided power algebra, with ^i{x) ■ ^j{x) = {i,j)^i-\-j{x), 
where = {i + is the binomial coefficient. We use the obvious ab- 

breviations 7o(a;) = 1 and 71 (x) = x. Finally, we write Ph{x) = Fp[x]/(x'*) 
for the truncated polynomial algebra of height h, and recall the isomorphism 
r(x) = Pp(7pe(x) I e > 0) in characteristic p. 

We write H^{—) for homology with mod p coefficients. It takes values in A^- 
comodules, where is the dual Steenrod algebra [Mi58]. Explicitly (for p odd), 

A* = P(Cfc I A; > 1) (g) E{fk \k>0) 

with coproduct 

i+j=k 
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and 

i-\-j = k 

Here = 1) Cfc = x(Cfc) has degree 2(p'^ — 1) and fk = xi^k) has degree 2p'' — 1, 
where x is the canonical conjugation [MM65]. Then the zeroth Postnikov sections 
induce identifications 

H,{HZ^p)) = Pi^k I A; > 1) Eifk \ k > 1) 
H^{£) = P{^k \k>l)(g) E{fk \k>2) 
H,{l/p) = P{^k I > 1) <8> E{fo,fk \k>2) 

as ylH=-comodule subalgebras of H^{H'L/p) = A^. We often make use of the following 
A*-comodule coactions 

Z/(fo) = 1 To + To 1 

Z^(ti) = 1 (8) fi + To ® 6 + T^l 1 

vih) = 1 (X) 6 + 6 ^ ^1 + 6 1 

Z^(f2) = 1 (g) Ta + To ® 6 + Tl (g) ^1 + f2 ® 1 . 

The Bokstedt spectral sequences 

El,{B) = HH.{H.{B)) =^ H.{THH{B)) 
for the commutative S'-algebras B = HZ/p, HZf^p-^ and £ begin 

= ^* «) E{a^k I A; > 1) ® T{afk \ k>0) 
El(Z^p)) = H,{HZ^p)) E{a^k \ k > 1) ^ T{afk \ k > 1) 
ElM = H*{i) ® E{a^k I A; > 1) (8) T{afk \k>2). 

They are (graded) commutative A*-comodule algebra spectral sequences, and there 
are differentials 

for j >p and k >0, see [Bo:zzp], [Hu96] or [Au05, 4.3], leaving 

E^,{Z/p) = A, ® Pp{afk \k>Q) 
E^*i^(p)) = H^HZ^p)) ® E{a^i) ® Pp{afk \ k > 1) 
ET.{1) = H,{t) ® E{aii,a^2) ® Pp{<Tfk \k>2). 

The inclusion of 0-simplices r): B ^ THH{B) is split for commutative B by the 
augmentation e: THH{B) B. Thus there are unique representatives in Bokstedt 
filtration 1, with zero augmentation, for each of the classes ax. They correspond to 
l^x — x®l in the Hochschild complex, or just 1 ® a; in the normalized Hochschild 
complex. There are multiplicative extensions {afkY = afk+i for > 0, so 

H^{THH{Z/p)) = A^® P{afo) 
(4.1) H,{THH{Z^p))) = H^HZ^p)) E{a^i) P{afi) 

H,{THH{t)) = H^e) ® E{a^i,a^2) ® P{crf2) 
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as A*-comodule algebras. The ^H<-comodule coactions are given by 

J^Kl) = 10(7^1 
(4.2) J^(crfi) = l«)C7fi +fo®<T^l 

i^{af2) = 1 (g) af2 + To ® <J^2 • 

The map vr* : THH{1) -> THH{Z(^p)) takes a^2 to and af2 to {afi)P. The map 
i* : Ti?F(Z(p)) ^ THH{Z/p) takes o-^i to and crfi to (crfo)^. 

The Bokstedt spectral sequence for the associative 5-algebra B = i/p begins 

El{£/p) = H4£/p) (8) E{a^k \ k > 1) T{afo, afk\k>2). 



It is an ^*-comodule module spectral sequence over the Bokstedt spectral sequence 
for £, since the ^-algebra multiplication i A £/p i/p is a map of associative S- 
algebras. However, it is not itself an algebra spectral sequence, since the product on 
£/p is not commutative enough to induce a natural product structure on THH{£/p). 
Nonetheless, we will use the algebra structure present at the £^^-term to help in 
naming classes. 

The map vr: i/p HT^/p induces an injection of Bokstedt spectral sequence 
£^^-terms, so there are differentials generated algebraically by 

toT j > p, k = OT k > 2, leaving 

(4.3) (i/p) = (i/p) E{aC2) ® Pp{afo, afk\k> 2) 

as an A*-comodule module over E^{£). We need to resolve the A*-comodule 
and H^{THH(i))-module extensions in order to obtain H^,{THH{i/p)). This is 
achieved in Lemma 4.6 below. 

The map tt* : E^{i/p) E^{Z/p) is an isomorphism in total degrees < {2p—2) 
and injective in total degrees < (2p^ — 2). The first class in the kernel is a^2- Hence 
there are unique classes 

1 , To , afo , foo-fo , . . . , (o-fo)^~^ 

in degrees < * < 2p — 2 of H^{THH(i/p)), mapping to classes with the same 
names in H^,{THH{Z/p)). More concisely, these are the monomials -fQ(a-fo)* for 
< 5 < 1 and < i < — 1, except that the degree (2p — 1) case {5,i) = {l,p— 1) is 
omitted. The A*-comodule coaction on these classes is given by the same formulas 
in H^{THH{i/p)) as in _H4THH{Z/p)), cf. (4.2). 

There is also a class in degree {2p — 2) of H^:{THH{£/p)) mapping to a class 
with the same name, and same ^*-coaction, in H^{T H H / p)) . 

In degree {2p — 1) there is a map tt* of extensions from 



^ Fp{6fo} ^ H2p-i{THH{£/p)) ^ Fp{fo(afo)^'-^} ^ 
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to 

^ Fp{ri,6ro} ^ H2p-i{THH{Z/p)) ^ Fp{fo(arof ^0. 

The latter extension is canonically split by the augmentation e: THH(Z/p) — > 
HZ/p, which uses the commutativity of the iS-algebra HZ /p. 
In degree 2p, the map ir* goes from 

H2p{THH{£/p)) = Fp{eiaro} 

to 

^ Fp{fofi} ^ H2p{THH{Z/p)) ^ Fp{(7ri,6c^To} ^0. 
Again the latter extension is canonically split. 

Lemma 4.4. There is a, unique class y in H2p-i{THH{i/p)) that is represented 
by ro(afo)P"^ in E^_^^^{i/p) and that maps to ro(afo)P"^ - fi in H^{THH{Z/p)). 

Proof. This follows by naturality of the suspension operator a and the multiplica- 
tive relation {af^f = afi in H^{THH{Z/p))._k class y in H2p-i{THH{i/p)) rep- 
resented by fo((T-fo)^~^ is determined modulo ^ito- Its image in H2p-\(THH{Z/p)) 
thus has the form afi + To(crfo)^~^ modulo ^ifo, for some a G ¥p. The suspen- 
sion ay lies in H2p{T H H / p)) = Fp{^iC7fo}, so its image in H2p{T H H {Z / p)) is 
modulo foTi and ^icrfo. It is also the suspension of afi +To(c7fo)^~^ modulo ^iTq, 
which equals a{afi) + (afo)^' = (q + l)iTfi. In particular, the coefficient {a + 1) of 
afi is 0, so a = —1. □ 

Remark 4-5. For p = 2 this can alternatively be read off from the explicit form 
[Wu91] of the commutator for the product n in £/p. The coequalizer C of the two 
maps 

i/p A £/p — ^ £/p 
maps to (the 1-skeleton of) THH{£/p). The commutator n — fir factors as 

£/p A £/p ^ ^£/p A ^£/p E2£/p ^ ^/p 

where ^ is the mod p Bockstein associated to the cofiber sequence £ ^ £ ^ £/p 
and the cofiber of vi is HZ /p. We get a map of cofiber sequences 

£/p A £/p £/p > C 

m(/3a/3) 

> £/p > HZ/p , 

so there is a class in Hy,{C) that maps to (g) in H2{i/p A i/p) and to ^iO"^i in 
H-i{T H H {£ / p)) , which also maps to ^2 in the cofiber of fi, i.e., whose yl*-coaction 
contains the term ^2 1- (The classes tq and fi go by the names ^1 and ^2 at 
P = 2.) 

For odd primes there is a similar interpretation of how the non-commutativity 
of the product on l/p provides an obstruction to splitting off the 0-simplices from 
the (p — l)-skeleton of THH{£/p), where the cyclic permutation of the p factors in 
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the (p — l)-simplex ro(crTo)^ ^, represented by the Hochschild cycle tq (8> • • • (8) tq, 
plays a similar role to the twist map r above. 

Let 

H4THH{i))/{a^i) ^ H^i) (g) ^(a^) ^(fTta) 

denote the quotient algebra of H^f{THH{C)) by the ideal generated by a^i. 

Lemma 4.6. There is an isomorphism of H^,(TH H(i)) -modules 

H,{THH{i/p)) ^ H.,{THH{i))/{aCi) ^¥p{l,fo,afo,foC7fo, . . . ,{afor-\y} . 

Hence H^{THH{i/p)) is a free module of rank 2p over Ht,{THH{tj) /{a^^i), gen- 
erated by classes 

1 , To , crfo , foo-To , • • • , {<^fo)P~^ , y 

in degrees through 2p — 1. These generators are represented in E^(£/p) by the 
classes 

1 , To , afo , focrfo , ... , {crfoY'^ , ro(c7fo)^"^ , 

and map under tt* to classes with the same names in H^:{THH{7./p)), except for y, 
which maps to 

The A^,-comodule coactions are given by 

z/((afo)0 = 1 ® i'^foY 

for < i < p — 1, 

z^(ro(cTto)*) = 1 (8) fo(crfo)' + Tq ((Jfo)* 
for < i < p — 2, and 

u{y) = 1 (8) y + To (8) (afo)^"^ - tq (8 Ci - n <8 1 • 

Proof. H^,{£/p) is freely generated as a module over H^{1) by 1 and fo, and the 
classes a^2 and erf 2 in H^{THH{£)) induce multiplication by the same symbols 
in E^{£/p), as given in (4.3). This generates all of E^{£/p) from the 2p classes 
fo^(afo)' for < 5 < 1 and < i < p - 1. 

We claim that multiplication by cr^i acts trivially on H^,{THH{£lp)). It suffices 
to verify this on the module generators 'fQ((T'fo)*, for which the product with a^i 
remains in the range of degrees where the map to H^{THH{Z/p)) is injective. The 
action of a^i is trivial on H^{THH{'L/p)), since (i^~^(7p<7fo) = <7^i and e(cT^i) = 0, 
from which the claim follows. 

The A*-comodule coaction on each module generator, including y, is determined 
by that on its image under vr* . In the latter case, the thing to check is that 

(1 ® T^*)Hy)) = y{^*{y)) = z/(fo(afo)^-^ - fi) 

= 1 (8 fo((Tfo)*'"^ + To (8) (o-fo)^"^ - 1 fi - To ^1 - n (8) 1 

equals 

(1 O 7r*)(l (8) ?/ + To (8) {afoY~^ - tq ® li - fi ® I) . 

□ 

We note that these results do not visibly depend on the particular choice of 
^-algebra structure on 
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5. Passage to F(1)-homotopy 

For p>5 the Smith-Toda complex V{1) is a homotopy commutative ring spec- 
trum. In this section wc compute V {1)^,T H H {I / p) as a module over V{l)^,THH{tj, 
for any prime p > 5. The unique ring spectrum map from V{1) to H'Ljp induces 
the identification 

(no conjugations) as yl^,-comodule subalgebras of ^4*. Here 

v{tq) = 1 (g) To + To 1 

V(jx) = 1 (8) Ti + ^1 (8) To + Ti (g) 1 . 

For each ^algebra B, V{\) A THH{B) is a module spectrum over V{1) A THH{e) 
and thus over V{l)Ai ~ HZ/p, so hJ{V{1) ATHH{B)) is a sum of copies of as 
an ^^-comodulc. In particular, V{l)^THH{B) = 7r^{V{l) AT HH{B)) is identified 
with the subgroup of vln^-comodule primitives in 

H^Vil) A THH{B)) ^ H^{V{1)) ® H^{THH{B)) 

with the diagonal An^-comodule coaction. We write v Ax ioY the image oi v ® x 
under this identification, with v G H^{V{1)) and x G H^,{THH{B)). Let 



Co 


= 1 A To + To A 1 


ei 


= 1 A fi + To A 4 1 + n A 1 


Ai 


= 1 A (76 


As 


= 1 A C7^2 


IJ-o 


= 1 A (TTo 




= 1 A afi + To A (T^ 




= 1 A (Tf2 + To A a^2 ■ 



These are all ^*-comodule primitive, where defined. By a dimension count, 

V{l),THH{Z/p) = E{eo, ei) ® P(/xo) 
(5.2) F(l)*riJ/f(Z(p)) = E{ei) ® £;(Ai) ® P(/xi) 

F(l)*riJif(£) = £;(Ai, A2) (8) P(/X2) 

as commutative F^-algebras. The map ir: £ ^ HZf^p^ takes A2 to and 112 to 
jJl- The map i: HZf^p^ HZ/p takes Ai to and /iti to /Xq- Note that /X2 G 
V{l)2p2THH{£) was simply denoted |U in [AuR02]. 

In degrees < {2p - 2) of H^{V{1) A THH{t/p)) the classes 

(5.3.a) M?) := 1 A (afo)* 

for < i < p — 1 and 

(5.3.b) eoni := 1 A to(crfo)* + tq A (afo)* 
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for < z < p — 2 are A*-comodule primitive. These map to the classes eg/Xo in 
V{l)^THH{Z/p) for < (5 < 1 and < z < p - 1, except that the degree bound 
excludes the top case of €oHq~^ . 

In degree (2p - 1) of H^{V{1) A THH{£/p)) we have generators 1 A fifo, Tq A 
(crfo)^"^, To A ^1, Ti A 1 and 1 A y. These have coactions 

z/(l A CiTo) = 1 «) 1 A 6to + To 1 A 6 + 6 » 1 A To + ^iTo ® 1 A 1 
u{to a (afoY-^) = 1 To A {afoy-^ + tq ^ 1 A (afof-i 

i^(To A 6) = 1 To A + To (8 1 A + 6 ® To A 1 + ^iTo (g) 1 A 1 
z/(ri Al) = l(griAl+^i®roAl + ri®lAl 

and 

1/(1 A y) = 1 (g 1 A ?/ + To (g) 1 A (a-fo)P"^ -fo(glA^i-fi(glAl. 
Hence the sum 

(5.3.C) ei := 1 A y + To A (afo)^-^ - Tq A ^ - n A 1 

is ^*-comodule primitive. Its image under tt* in H^,{V{1) A THH{Z/p)) is 
eo//^;"^ - ei = 1 A fo(afo)P-^ + tq A (afo)^-^ - 1 A n - tq A ^ - n A 1 . 
Let 

V{l),THH{i)/{X^) ^ E{\2) P{^l2) 
be the quotient algebra of V{1)^THH{1) by the ideal generated by Ai. 
Proposition 5.4. There is an isomorphism of V{\)^TH H{t) -modules 

V{l),THH{£/p) = V{1),THH{£)/{X,) ® ¥^{1, eo, //q, eo//o, . . . , fir\e,} , 

where the classes Hq, ^oI^o md li are defined in (B.S.ahc) above. Multiplication by 
Ai is 0, so this is a free module on the 2p generators 

1 p-1 

over V{l)^THH{i)/{Xi). The map vr* to V{l)^THH{Z/p) takes ef^^i in degree 
< 5 + 2i < 2p — 2 to SqUq, and takes ei in degree (2p — 1) to eo/^o~^ ~ ^i- 

Proof. Additively, this follows by another dimension count. The multiplication by 
Ai is for degree and filtration reasons: Ai has Bokstedt filtration 1 and cannot 
map to ei in Bokstedt filtration (p — 1). Similarly in higher degrees. □ 

We end this section with a suggestive conjectural calculation of the topological 
Hochschild homology of the fraction field ff{i) = p~^L, which may play the role of 
the deRham complex over Spec{jJ{i)) in derived algebraic geometry. The calcula- 
tion is not needed for the rest of the paper. We work with the p-local i, but could 
equally well have worked with the p-complete ip. 



K-THEORY OF THE FRACTION FIELD OF K-THEORY 



21 



Thus consider a 3 x 3 square of cofiber sequences 
(5.5) THH{Z/p) ) THH{Z^p)) THH{Z^p^ \ 



THH{t) 



THH{e/p) 



THH{l/p\L/p) — — > THH{l\L) 



-> THH{l\p-^l) 



^THH{ff{i)) 



generated by the upper left hand square. The transfer map : THH(7j/p) 
THH{Z(p)) was properly defined in [HM03], and THH{a 



is its cofiber. To 



construct the remaining transfer maps one may use the definition in [BM:loc] of 
THH in terms of spectral categories. By analogy with the algebraic case, we write 
THH{l\p~^l), THH{i/p\L/p) and THH{i\L) for three of the remaining cofibcrs 
in the diagram. We might have denoted the term in the lower right hand corner 
by something like THH{£\p~^£, L\p~^L), but for simplicity we abbreviate this to 
THHijfii)). 

In the top row we get [HM03, 2.4.1] a long exact sequence in F(l)-homotopy 



E{€o, ei) ® Pi^io) ^ -E(ei, Ai) ® Pi^i^ 



E(dlogp,ei) ®P(ko) 



where i*(eoAto~^) ~ -^i' = '^O' c^(dlogp) = 1 and d{Ko) = eo, tensored with 

the identity on E{ei). 

In the middle row we expect a long exact sequence 

... Fp{l,€o,/xo,eo/io, • • . ,/u|]"\ei} (g) E{\2) (g) ^(^2) 

^ E(Ai, A2) P(/X2) ^ ^(dlogp, A2) ® Pp{Ko) ® P(ai2) ^ . . . 

where i*(ei) = Ai, 5(dlogp) = 1 and d{Ko) = eo, tensored with the identity on 

^(A2). 

In the middle column we expect [Au05, §10] a long exact sequence 

...-^E{euXi)(^P{f^i)^E{Xi,\2)®P{fi2)^E{dlogvi,\i)^P{Ki)^... 

where 7r*(ei^^~^) = A2, /9*(a*2) = 1^1, 5(dlogfi) = 1 and d{Ki) = ei, tensored with 
the identity on -E'(Ai). 

In the right hand column we expect a long exact sequence 

...^E{dlogp,ei)^P{Ko) ^ 

^ E{dlogp,X2) (8) Pp(Ko) (8) P(/X2) £;(dlogp,dlog^;i) ® P(ko) ^ • • • 

2 _ 2 
where 7r*(eiKQ ^) = A2, /9*(m2) = f^o , 5(dlogt;i) = 1 and 5(/Cq) = ei, tensored 

with the identity on £'(dlogp). Note that this p* is not multiplicative, since it takes 
the truncated polynomial algebra Pp(K-o) into P{ko). 

This leads to the following formula. When compared with [HMOS, 2.4.1], it 
strongly suggests that £^(dlogp, dlogt^i) is the y(l)-homotopy of a deRham com- 
plex for i with logarithmic poles along (p) and (vi). 



22 



CHRISTIAN AUSONI AND JOHN ROGNES 



Conjecture 5.6. There is an isomorphism 



V{l).THH{ff{l)) ^ E{dlogp,dlogv^) ® P{ko) 

with |dlogj9| = Idloguil = 1 and \k,q\ = 2. Here THH{ff{l)) is defined as the 
iterated cofiber of the upper left hand square in diagram (5.5), dlogp is in the 
image from 7riTHH(£\p~^i), with 5(dlogp) = 1 in -kqTHH^I/p), dlogui is in the 
image from 'rriTHH{£\L), with 5(dlogvi) = 1 in ttqTHH^L^^p^), and kq satisfies 

2 

1^0 ~ with fi2 in the image from V{l)2p^THH{t). 

6. The C^-Tate construction 

Let C = Cp" denote the cyclic group of order p", considered as a closed subgroup 
of the circle group S^. For each spectrum X with C-action, X^c = AcX and 
^hC _ F{EC-^-,X)'-^ denote its homotopy orbit and homotopy fixed point spectra, 
as usual. Wc now write X**^ = [EC A F{EC^, X)]'-' for the C-Tate construction 
on X, denoted tc{X)'=' in [GM95] and m{C,X) in [AuR02]. There are C-homotopy 
fixed point and C-Tate spectral sequences in F(l)-homotopy for X, with 

Elicx) = h;;{C;V{iux)) =^ 

and 

Elicx) = h;;{C; =^ . 

We write H*p{Cp.;¥p) = E{un) ® P{t) and H*piCpr.;Fp) = E{un) ® P{t^^) with 
Un in degree 1 and t in degree 2. So Un, t and x G V{l)t{X) have bidegree (—1,0), 
(—2, 0) and (0, t) in either spectral sequence, respectively. See [HMOS, §4.3] for 
proofs of the multiplicative properties of these spectral sequences. 

We are principally interested in the case when X = THH{B), with the S'^-action 
given by the cyclic structure. It is a cyclotomic spectrum, in the sense of [HM97], 
leading to the commutative diagram 



THH{B\n 



-^^THH{B)'^p" — ^THH{Bfp"-^ 



THH{B)hc^„ THH{Bf^v^ — ^ THH{Bf^^ 



\tCnn 



of horizontal cofiber sequences. Wc abbreviate El^{C,THH{B)) to El^,{C,B), 
etc. When i? is a commutative 5-algebra, this is a commutative algebra spec- 
tral sequence, and when B is an associative ^-algebra, with A commutative, then 
E*{C,B) is a module spectral sequence over E*{C,A). The map corresponds 
to the inclusion E'^^{C,B) E'^^^{C,B) from the second quadrant to the upper 
half-plane, for connective B. 

In this section we compute V{l)*THH{£/pY^p by means of the Cp-Tate spectral 
sequence in y(l)-homotopy for THH{i/p). In Propositions 6.8 and 6.9 we show 
that the comparison map f i : V{l)^THH{l/p) -> V{l)*THH{£/pY^p is {2p - 2)- 
coconnected and can be identified with the algebraic localization homomorphism 
that inverts fj,2- 
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First we recall the structure of the Cp-Tate spectral sequence for THH(Z/p), 
with V{0)- and y(l)-coefficicnts. Wc have V{0)*THH(Z/p) = E{eo)0Pino), and 
with an obvious notation the i?^-terms are 



E{ui)®P{t^^] 



Eieo) ® P(/io) 
E(eo,ei)OP(/Xo)- 



In each C-Tate spectral sequence we have a first differential 

(f {x) = t ■ ax , 

see e.g. [Rog98, 3.3]. We easily deduce creo = Ho and crei = //q from (5.1), so 

El{Cp,Z/p;V{0)) = E{u,)0P{t^') 



EtiCp,Z/p) = E{ui) ® P(i±i) Eieo^i^ " ^i) ■ 

Thus the F(0)-homotopy spectral sequence collapses at E^ = E°°. By naturality 
with respect to the map ii : V{0) ^(1)) ah the classes on the horizontal axis 
of E^i^CpjIj/p) are infinite cycles, so also the latter spectral sequence collapses at 
EliCp,Z/p) = E^^iC„Z/p). 

We know from [HM97, Prop. 5.3] that the comparison map 

fi: V{0)^THH(Z/p) ^ V{0)^THH{Z/pY^'' 

takes eo/Xo to {uit~^yt~'^, for all < 5 < 1, ? > 0. In particular, the integral 
map Fi : tt* THH{Z/p) 'K.^THH{Z/pf^^ is (-2)-coconnected, meaning that it 
induces an injection in degree (—2) and an isomorphism in all higher degrees. From 
this we can deduce the following behavior of the comparison map Fi in V{1)- 
homotopy. 

Lemma 6.1. The map 

f 1 : V{l)^THH{Z/p) V{1)^THH{Z/pY^'' 

takes the classes eg/Xo from V{Qi)^THH{'L/p), for < (5 < 1 and i > 0, to classes 

represented in E^{Cp,'Z,/p) by {uit~^yt~^ (on the horizontal axis). 

Furthermore, it takes the class eo/Ug" — ei in degree (2p—l) to a class represented 
by €ofj,Q~^ — ei (on the vertical axis). 

Proof. The classes CqHq are in the image from y(0)-homotopy, and we recalled above 
that they are detected by in the F(0)-homotopy Cp-Tate spectral se- 

quence for THH(Z/p). By naturality along ii : V{0) — V{1), they are detected by 
the same (nonzero) classes in the y(l)-homotopy spectral sequence E^{Cp,Z/p). 

To find the representative for fi(eoAto~^ ~ ^i) in degree {2p — 1), we appeal 
to the cyclotomic trace map from algebraic K-theory, or more precisely, to the 
commutative diagram 

(6.2) K{B) 



tr 



tr 



THH{B) THH{B)'^p — > THH{B) 



ri 



THH{Bf^^ — ^ THH{BY'^^ . 
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The Bokstedt trace map tr : K{B) — THH{B) admits a preferred lift tr„ through 

each fixed-point spectrum THH{B)'-^p" , which equalizes the iterated restriction 
and Frobenius maps R"^ and F'^ to THH(B) [BHM93]. In particular, the circle 
action and the cr-operator act trivially on classes in the image of tr. 

In the case B = HZ/p, we know that K{'L/p)p ~ Hljp after p-adic completion, 
so V{\)^K(Tj/p) = E{ei), where the t;i-Bockstein of ei is —1. The Bokstedt trace 
image tr{ex) G V {l)^THH(2,/p) lies in Fp{ei,eo/io~ }' i;i-Bockstein tr{—l) = 
— 1 and suspends by a to 0. Hence 

tr{ei) = eo/Xo"^ - ei . 

As we recalled above, the map fi : TT^THH{Z/p) 7r.^THH{Z/py^p is (-2)- 
coconnected, so the corresponding map in l/(l)-homotopy is at least (2p — 2)- 
coconnected. Thus it takes eo//o~^ — ei to a nonzero class in V(l)>t:THH{Z/pY'^p , 
represented somewhere in total degree (2p — 1) of E^{Cp,Z/p), in the lower right 
hand corner of the diagram. 

Going down the middle of the diagram, we reach a class (riotri)(ei), represented 
in total degree {2p — 1) of the left half-plane Cp-homotopy fixed point spectral se- 
quence E^{Cp, Z/p). Its image under the edge homomorphism to V{l)^:THH{Z/p) 
equals {F o tri)(ei) = tr(ei), hence (Fi o tri)(ei) is represented by eo^o~^ ~ ™ 
£'Q°2p_i(Cp, Z/p). Its image under R'^ in the Cp-Tate spectral sequence is the 
generator of E^2p-i{Cp,Z/p) = Fp{eo//o~^ ~ ^i}' hence that generator is the E°°- 
representative offi(eo/Xo~^— Ci). □ 

We can lift the algebraic i^-theory class ei to i/p. 

Definition 6.3. The map tt: £/p — >■ HZ/p is (2p — 2)-connected, so it induces a 
{2p - l)-connected map V{l)^K{i/p) V{l)^K{Z/p) = E{ei), by [BM94, 10.9]. 
We can therefore choose a class 

ef G V{l)2p-iK{£/p) 

that maps to the generator ei in V{l)^K{Z/p) = Z/p. 

Lemma 6.4. The Bokstedt trace tr: V{l)^K{£/p) V{l)^THH{£/p) takes ef to 

Proof. In the commutative square 

V{l),K{£/p) V(l),THH{£/p) 



V{l)^K{Z/p) V{l)^THH{Z/p) 

the trace image tr(ef- ) in V{l)^THH{£/p) must map under tt* to tr{ei) = eojJi^~^ — 
ei in V{l)^,THH(Z/p), which by Proposition 5.4 characterizes it as being equal to 
the class ei. Hence tr(ef-) = ei. □ 

Next we turn to the Cp-Tate spectral sequence E*{Cp,£/p) in y(l)-homotopy 
for THH{£/p). Its E'^-ienm. is 

El,{Cp, £/p) = E{ui) ® P(i±^) ® Fp{l, eo, /xo, eo/xo, . . . , /xg"', ei} » ^(Aa) ® ^(/xa) ■ 
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We have d (x) = t ■ ax, where 



5 



IJ,Q for S = 1, < i < p, 
otherwise 



is readily deduced from (5.1), and (T(ei) = since ci is in the image of tr. Thus 
(6.5) El{Cp,£/p) = E{ui) ® P(t±i) ^ ^(ei) ^ E{X2) ® P{tfi2) . 

We prefer to use i//2 rather than /i2 as a generator, since it represents multiphcation 
by V2 in all module spectral sequences over E*{S^,£), by [AuR02, 4.8]. 

To proceed, we shall use that E*{Cp, H./p) is a module over the spectral sequence 
for THH{1). We therefore recall the structure of the latter spectral sequence, from 
[AuR02, 5.5]. It begins 

El,{Cp,l) = E{ui) ® P{t^^) ® E{\i,\2) ® P(m2) . 
The classes Ai, A2 and t^2 are infinite cycles, and the differentials 

(i2P(tl-P) =Ul 
SV^{f-P^)=tP\2 

d'p"^\u^t-p") = tn2 

up to units in Fp, which we will always suppress, leave the terms 

Ell+\Cp,i) = E{m,X^,X2) P{t^^, tfi2) 
Elf+\Cp, e) = E{m , Ai, A2) P{t^p' , tii2) 
Elf+^{Cp,£) = E{X,,\2)0P{t^^') 

with E'^p^^'^ = E'^, converging to V{l)^THH{()*'''p . The comparison map f 1 maps 
Ai, A2 and fi2 to Ai, A2 and t~P , respectively, inducing the algebraic localization 
map and identification 

fi: V{l)^THH{e) V{l)^THH{£)[i^2^] ^ V{l)^THH{£f^'^ . 

Lemma 6.6. In E*{Cp,i/p), the class uit~'P supports the nonzero differential 

d^P\uit-P) = uitP^-PX2 
and does not survive to the E°°-term. 

Proof. In E*{Cp,i), there is such a nonzero differential, up to a unit in Fp, which 

we have already declared that we will suppress. By naturality along i: ^ — > i/p, 
it follows that there is also such a differential in E*(Cp,i/p). It remains to argue 

that the target is nonzero. Considering the £^^-term in (6.5), the only possible 

2 _ _ _ 

source of a previous differential hitting uif^ ~pA2 is ei. But ei is in an even column 

2 

and uit^ ~^A2 is in an odd column. By naturality with respect to the Probenius 

(group restriction) map from the S'^-Tatc spectral sequence to the Cp-Tate spectral 
sequence, which takes E^^^S^, B) isomorphically to the even columns oiE^^{Cp, B), 
any such differential from an even to an odd column must be zero. □ 

To determine the map Fi we use naturality with respect to the map vr: i/p — >■ 
HZ /p. 
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Lemma 6.7. The classes 1, eo, eo^o, • • • , yUo~^ and ei in V{l)^:THH{£/p) map 

under Ti to classes in V {I) H H {£ / p^-^p that are represented in E^{Cp,i/p) by 
the permanent cycles (uit~^Yt~'^ (on the horizontal axis) in degrees < {2p — 2), 
and by the permanent cycle ei (on the vertical axis) in degree {2p — 1). 

Proof. In the commutative square 

V{l)^THH{e/p) V{l)^THH{ilpf^v 



V{l)^THH{Z/p) V{l)^THH{Z/py^v 

the classes e^fiQ in the upper left hand corner map to classes in the lower right 
hand corner that are represented by {uit~^Yt~'^ in degrees < (2p — 2), and ei maps 
to eo/^o ~ ^1 ™ degree {2p — 1). This follows by combining Proposition 5.4 and 
Lemma 6.1. 

The first {2p — 1) of these are represented in maximal filtration (on the horizon- 
tal axis), so their images in the upper right hand corner must be represented by 
permanent cycles {uit~^Yt~^ in the Tate spectral sequence E^{Cp,i/p). 

The image of the last class, ei, in the upper right hand corner could either be 
represented by ei in bidegree {0,2p — 1) or by uit~P in bidegree (2p — 1,0). How- 
ever, the last class supports a differential (uit~^) = uit^ ~^A2, by Lemma 6.6 
above. This only leaves the other possibility, that ri(ei) is represented by ei in 
E^ACpJ/p). □ 

We proceed to determine the differential structure in E*{Cp, i/p), making use of 
the permanent cycles identified above. 

Proposition 6.8. The Cp-Tate spectral sequence in V{l)-homotopy for THH{£/p) 
has 

EliCp, £/p) = E{ui,€i, A2) ® P{t^\tiX2) . 
It has differentials generated by 

forO <i<p, d'^p\tP-p') = tP\2 and d^p''+^{uit-p') = t/^a- The following terms 
are 

Elf-^P+\Cp, £/p) = E{m, A2) ¥p{t-' I < z < p} P{t^P) 

®E{uueuX2)^P{t^^,tfi2) 

Elt+\Cp,£/p) = E{m,\2)®¥p{t-' \Q<i<p]® Pit^P") 
e^(ni,ei,A2) ®P(t^f',tA^2) 

Elf+\Cp,£/p) = E{m,\2) ® ¥p{t-' ! < i < p} ® P{t^p") 

®E{eu\2)®P{t^''^). 

The last term can he rewritten as 

E'^{Cp,£/p) = {E(ui) ®Fp{t-' \0<i<p}® E{ei)) ® EiM) ® P(t^P') . 
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Proof. We have aheady identified the E^- and £'^-terms above. The E^-term (6.5) 
is generated over E^{Cp,£) by (an Fp-basis for) E{ei), so the next possible dif- 
ferential is induced by d^^(t^~^) = tXi. But multiplication by Ai is trivial in 
V{l)^THH{£/p), by Lemma 5.4, so E^{CpJ/p) = E^P+\Cp,i/p). This term is 
generated over E'^P+'^{Cp,i) by Pp(i"^) (g) E{ei). Here l,t-^ , . . . ,t^-P and ei are 
permanent cycles, by Lemma 6.7. Any (^''-differential before (pP must therefore 
originate on a class f~'ei for < i < p, and be of even length r, since these classes 
lie in even columns. For bidegree reasons, the first possibility is r = 2p^ — 2p + 2, 
so E^iCp,i/p) = E^p"-^P+\Cp,i/p). 

Multiplication by V2 acts trivially on V{1)^THH{£) and V{l)^THH{£Y'^'' for 
degree reasons, and therefore also on V{l)<fTHH(£/p) and V{l)^.THH{l/py^^ by 
the module structure. The class V2 maps to i//2 in the 5^-Tate spectral sequence 
for ^, as recalled above, so multiplication by V2 is represented by multiplication 
by tp2 in the Cp-Tate spectral sequence for £/p. Applied to the permanent cycles 
{uit~^Yt~'^ in degrees < {2p — 2), this implies that the products 

must be infinite cycles representing zero, i.e., they must be hit by differentials. In 
the cases ^ = l,0<i<]? — 2, these classes in odd columns cannot be hit by 
differentials of odd length, such as (pP so the only possibility is 

d2f'-2P+2(iP-p' . {uit-^)t-%) = tH2 ■ {Uit-^)t-' 

ioT < i < p — 2. By the module structure (consider multiplication by ui) it follows 
that 

d'p'-^P+^tP-P' ■ t-%) = tfi2 ■ 

foT < i < p. Hence we can compute from (6.5) that 

4¥"'^+'(Cp, i/p) = E{ui) P{t^P) (E) ¥p{t-' \0<i<p}(8) E{X2) 

© E{ui) ^ P{t^P) E{ei) ® E{X2) ® P{tfi2) ■ 

This is generated over E^P~^^{Cp, t) by the permanent cycles 1, , ... , t^~P and ei, 
so the next differential is induced by d^P {tP~P ) = t^A2. This leaves 

Elf^\Cp,i/p) = E{m) ^ P{t^p")(^¥p{t-' \ 0<i<p}(^ E{X2) 
© E{ui) ® P{t^P^) ® E{ei) E{X2) P{tH2) ■ 

Finally, (pP^~^^{uit~P^) = t/i2 applies, and leaves 

Elf+^{Cp,e/p) = E{ui) (8) Pit^P")^¥p{t-' \Q<i<p}^ E{X2) 
®Pit^p')<^E{ei)<^E{X2). 

For bidegree reasons, E'^p^+^ = E°° . □ 
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Proposition 6.9. The comparison map Ti takes the classes eo/Uo, ei, A2 and ji2 

in V{l)^THH{i/p) to classes in V{l)^THH{l/pf^p represented by {uit-'^ft-', 
El, A2 and t~^ in E^{Cp,£/p), respectively. Thus 

V{l).THH{l/pf^- ^ Fp{l, eo, /io, eoMo, ■ ■ ■ , /xg"', ^i} ® ^(Aa) ® Pif^t^) 
and Ti factors as the algebraic localization map and identification 

fi: V{l),THH{i/p) ^ V{l),THH{l/p)[ii^^] ^ V{l),THH{i/pY^^ . 
In particular, this map is [2p — 2)-coconnected. 

Proof. The action of the map f 1 on the classes 1, eo, /iq, eo/iQ, . . . , //q"^ ei was 
given in Lemma 6.7, and the action on the classes A2 and /X2 was already recalled 
from [AuR02]. The structure of V{l)^,THH{l/pY'~'p is then immediate from the 
£^°°-term in Proposition 6.8. The top class not in the image of Fi is eiA2/i^^, in 

degree (2p — 2). □ 

Recall that 

TF{B) = holimTH H{Bfp" 

n,F 

TR{B) = holimT HHiBf"" 

n,R 

are defined as the homotopy limits over the Probenius and the restriction maps 
F,R: THH{B)^p" THH{Bfp"-\ respectively. 

Corollary 6.10. The comparison maps 

r„: THH{i/pfp" ^THH{e/p)'^'^p" 

f„: THH{£/pfp"-^ ^THH^e/py^p" 

for n > 1, and 

F: TF{£/p) THH{l/pf^' 
f : TF{e/p) THH{£/py^' 
all induce {2p — 2)-coconnected maps on V{1) -homotopy. 

Proof. This follows from a theorem of Tsalidis [Ts98] and Proposition 6.9 above, 
just like in [AuR02, 5.7]. See also [BBLR:cf]. □ 

7. Higher fixed points 

Let n > 1. Write Vp{i) for the p-adic valuation of i. Define a numerical function 
pH by 

p{2k - 1) = (Z'^+l + l)/(p + 1) = _ p2k-l + . . . _ p + 1 
p{2k) = - p2)/(p2 _ 1) ^ p2k ^ p2k-2 + . . . + p2 

for A; > 0, so p(— 1) = 1 and p(0) = 0. Por even arguments, p{2k) = r{2k) as defined 
in [AuR02, 2.5]. 

In all of the following spectral sequences we know that A2, tfi2 and ei are infinite 
cycles. For A2 and ei this follows from the Cpn-fixed point analogue of diagram (6.2), 
by [AuR02, 2.8] and Lemma 6.4. Por t/X2 it follows from [AuR02, 4.8], by naturality. 
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Theorem 7.1. The Cpn - Tate spectral sequence E* (Cpn , i/p) in V{l)-homotopy for 
THH{i/p) begins 

El^{Cp^,^/p) = E{un,X2) «)Fp{l,€o,/^o,eoMo, • • • , Mo~^ ^i} M2) 

and converges to V{l)^THH{i/py^p'^ . It is a module spectral sequence over the 
algebra spectral sequence E*{Cpn,£) converging to V{l)^,THH{£Y'-^p" . 
There is an initial d^ -differential generated by 

d^ieofii'^) = tfil 

for < i < p. Next, there are 2n families of even length differentials generated by 
for Vp{i) = 2k — 2, for each k = 1, . . . ,n, and 

for each k = 1, . . . ,n. Finally, there is a differential of odd length generated by 

^2p(2n)+l(^^ • t-f'") = (i/X2)''('"-')+' . 

Wc shall prove Theorem 7.1 by induction on n. The base case n = 1 is covered 
by Proposition 6.8. We can therefore assume that Theorem 7.1 holds for some fixed 
n > 1. First we make the following deduction. 

Corollary 7.2. The initial differential in the Cpn -Tate spectral sequence in V{1)- 
homotopy for THH{£/p) leaves 

Et {Cp» , £/p) = E{un,ei , A2) P{t^\ tfi2) ■ 

The next 2n families of differentials leave the intermediate terms 

El^^^^^\Cpr.,£/p) = E{un, A2) ¥p{t-' I < i < p} P{t^P) 

®E{Un,ei,X2)®P{t^^,tH2) 

(for m = 1), 

ElPi'^^-^)+^{Cpr.,£/p) = E{UnA2) ^'^pif' I < i<p}®P{t^P') 

m 

e ^K, A2) ¥p{f I vpij) = 2A; - 2} Pp(2k-3){tH2) 

k=2 

m — 1 

© E{Un,ei) ¥p{f\2 I Vp{j) =2k-l}(g) Pp(2fc-2)(iM2) 
k=2 

© E{Un, ei, A2) ® P(t±^'"""\ tM2) 
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for m = 2, . . . ,n, and 

ElP^^^'^+^Cp^J/p) = EK, A2) (8)Fp{t-* I < i < p} (g) P{t^p') 

m 

© ^K, A2) ¥p{t^ I Vp{j) =2k-2}® Pp(2k-3){tfl2) 
k=2 
m 

© 0EK,ei) ®Fp{t^A2 I Vp{j) = 2k-l}0 Pp(2fc-2)(i/^2) 

k=2 

© ei, A2) , i/xa) 

for m = 1, . . . , n. The final differential leaves the = E°°-term, equal to 

E^,{Cp»,i/p) = E{un,X2) ^'¥p{t-' I < i<p}®P{t^P') 

n 

© E{un, A2) ® ¥p{t^ I =2k-2}0 Pp(2fc-3) (i/^a) 

n 

© E{un, ei) O ¥p{t^X2 I = 2A; - 1} ® Pp(2fc-2)(i/^2) 

fc=2 

© £;(ei, A2) (8) (8) Pp(2n-2)+i(i/X2) . 

Proof. The statements about the i?'^-, and ii^^''*^^-'"'""'^ -terms are clear from 

Proposition 6.8. For each m = 2, . . . , n we proceed by a secondary induction. The 
differential 

^2p(2,n-l)(^/---/-+i . ^ ^^^^)p(2m-3) . 

for Vp{i) = 2m — 2 is non-trivial only on the summand 

E{Un,ei, X2) ® P{t^'''"^'\tH2) 

of the £;2p(2m-2)+i ^ £;2p(2m-i).^g^j^^ ^j^j^ homology 

-EK, A2) «) ¥p{t^ 1 t;p(j) = 2m - 2} O Pp(2m-3)(*M2) 
ffi^K,ei,A2) ®P(i^P"""\t/X2). 

This gives the stated £'^''(^'"~^)+^-term. Similarly, the differential 

^2p(2™)(^p— ^ . . (i^2)p(2m-2) 

is non-trivial only on the summand 

£;K,ei,A2)0P(i^^"""\tM2) 
of the ^2p(2m-i)+i ^ £;2p(2m)_^gj.^^ ^j^^ homology 

E(n„, ei) (8) Fp{t-^A2 | Vp{j) = 2m - 1} ® Pp[2m-2){tH2) 
© ei, A2) (8) P{t^P'^,tn2) . 
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This gives the stated E'^P^'^'^^+'^-tevm. The final differential 
is non-trivial only on the summand 
of the £'^''(^")+^-term, with homology 

E{ei, A2) ^ P(t±P'" ) ^ Pp(2n-2) + l(i/X2) . 

This gives the stated £'^^(^"-'"'"^-term. At this stage there is no room for any further 
differentials, since the spectral sequence is concentrated in a narrower horizontal 
band than the vertical height of the following differentials. □ 

Next we compare the Cp^-Tate spectral sequence with the Cp»-homotopy spec- 
tral sequence obtained by restricting the E'^-term to the second quadrant (s < 0, 

t > 0). It is algebraically easier to handle the latter after inverting 112, which can 
be interpreted as comparing THH{i/p) with its Cp-Tate construction. 
In general, there is a commutative diagram 

(7.3) THH{B)^p" — ^ THH{Bfp"-' ) THH{Bf^p"-' 

THH{Bf^p- —^THH{BY^p" -^^^ {THH{By^p f^p"-^ 

where is the comparison map from the Cpn-i-fixed points to the Cpn-i- 

homotopy fixed points of THH[By^p , in view of the identification 

{THHiBf^^fp"-^ =THH{BY^p" . 

We are of course considering the case B = l/p. In y(l)-homotopy all four maps 
with labels containing F are {2p — 2)-coconnected, by Corollary 6.10, so Gn-i is 
at least {2p — l)-coconnected. (We shall see in Lemma 7.11 that F(l)*G„_i is an 
isomorphism in all degrees.) By Proposition 6.9 the map Fi precisely inverts jU2, so 
the i?2-term of the Cp^-homotopy fixed point spectral sequence in l^(l)-homotopy 
for THH(£/pY'-'p is obtained by inverting //2 in E'^*{Cp",i/p)- We denote it by 
IJ,2^ E* {Cpn , £ /p) , even though in later terms only a power of fi2 is present. 

Theorem 7.4. The Cpn-homotopy fixed point spectral sequence 112^ E* {Cpr^ ,l/p) 
in V{l)-homotopy for THH{i/pY'~^p begins 

M2"^-^**(Cp" ) ^/P) = E{un, A2) ® Fp{l, eo, Mo, eoMo, • • • , ^^o~^ ^i} ® -P(i, 1^2^) 

and converges to V{l)^{THH{l/py^^f^p^ , which receives a {2p — 2)-coconnected 
map (Fi)''*^?" from V{l)^,THH{i/p)'^'-'p"- . There is an initial d'^ -differential gener- 
ated by 

d2(eoMo"') = tfJ-h 
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for < i < p. Next, there are 2n families of even length differentials generated by 

for Vp{j) = 2k — 2j for each /c = 1, . . . , and 

o 2fc 2k — 1 2k — 1 /^i \ 

^2p(2fc)(^P -P ) = A2-M2"^ •(iM2r('') 

for each k = 1, . . . ,n. Finally, there is a differential of odd length generated by 

^2p(2n)+l(^^.^p-^^(^^^^p(2n)+l_ 

Proof. The differential pattern follows from Theorem 7.1 by naturaUty with respect 
to the maps of spectral sequences 

induced by f and R^. The first inverts 112 and the second inverts t, at the level 
of ii'^-tcrms. We are also using that t^2-, the image of V2, multiplies as an infinite 
cycle in all of these spectral sequences. □ 

Corollary 7.5. The initial differential in the Cp^ -homotopy fixed point spectral 
sequence in V{l)-homotopy for THH{l/pY^p leaves 

fi^^El{Cpn,£/p) = E{un,\2) ®'^pH I < i<p}®P{nt') 
e E{un, ei, A2) ® P{nt^,tn2) . 

The next 2n families of differentials leave the intermediate terms 

/x2'£;*¥'""'^+'(Cpn,^/p) = £;k,A2) 0Fp{/x^ | o < i<p}^p{fi^^) 

m 

e0SK,A2)0Fp{/X^2 I VpU) = '^k - 2} ^ Pp(2k-l){tl^2) 
k=l 
m — 1 

© E{un, ei) ¥p{X2i^i I VpU) = 2k-l}0 Pp{2k){tli2) 

k=l 

+„2m — 1 

©£;(n„,ei,A2) (8)P(/X2 ,^^2) 

and 

fi2^El:^^"'^^\Cpr.,i/p) = E{un,X2)®'¥p{f^h I < i<p}®P{fit^) 

m 

©0EK,A2)®Fp{/X^2 I MJ) = 2k - 2} Pp^2k-l){tf^2) 
k=l 

m 

©0EK,ei) ®Fp{A2//^ I VpU) = 2k - 1} ® Pp{2k){tl^2) 

k=l 

®E{un,'ei,\2)®P{l4 >*M2) 
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for m = 1, . . . , n. The final differential leaves the £'2p(2n)+2 _ E°°-term, equal to 
li^^EZ{Cp,.,i/p) = E{un, A2) ® Fp{M^ \0<i<p}® P{i4^) 

n 

fe=i 

n 

e E{un, ei) (8) ¥p{X2^ii I Vp{j) = 2k - 1} ^ Pp{2k){tl^2) 



k=l 



Proof. The computation of the £'^-term from the £'^-tcrm is straightforward. The 
rest of the proof goes by a secondary induction on m = 1, . . . , n, very much Hke the 
proof of Corollary 7.2. The differential 

for Vp{j) = 2m — 2 is non-trivial only on the summand 

\ 2m — 2 

E{Un,ei,X2) 'S> P{l^2 !*M2) 

of the E^ = £;2^(i)-term (for m = 1), resp. the £;2p(2m-2)+i ^ ^2p(2m-i) (fo^. 
m = 2, . . . ,n). Its homology is 



2n 



E{un, A2) «) ¥p{fii I = 2m - 2} ® Pp{2m-i){tH2) 
e ei, A2) P(//2 , t//2) , 



which gives the stated £;2p(2m i)+i.term. The differential 
is non-trivial only on the summand 

E{Un,ei,X2) <^ P{H2'^ ,tH2) 

of the ^2p(2m-i)+i ^ ^2p(2m)_^gj.jj^^ leaving 

E{un, ei) Fp{A2/x^ I Vp{j) = 2m - 1} (8) Pp(2m)(i/^2) 
e£;(n„,ei,A2)®P(At2^ ,t//2). 

This gives the stated £;2''(2"^)+i-term. The final differential 

^2p(2n)+l(^^.^p-)^(^^^)p(2„)+l 

is non-trivial only on the summand 

E{Un,ei,X2) ® P{lJi2 ,tH2) 
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of the £'^'''^^"')+^-term, with homology 



p(2n)+l 



This gives the stated £?^''(^")+^-term. There is no room for any further differentials, 
since the spectral sequence is concentrated in a narrower vertical band than the 
horizontal width of the following differentials, so i5;2p(2™)+2 _ ^oo_ ^ 

Proof of Theorem 7.1. To make the inductive step to Cpn+i , we use that the first cF- 
differential of odd length in E* {Cpn ^l/p) occurs for r = ro = 2p{2n) + 1. It follows 
from [AuR02, 5.2] that the terms E'^{Cp^,£/p) and E^{Cpn.+i,£/p) are isomorphic 
for r < 2p{2n) + 1, via the Probenius map (taking to t*) in even columns and 
the Verschiebung map (taking n„t* to n„+it*) in odd columns. Furthermore, the 
differential d2p(2n)+i jg ^gj-Q the latter spectral sequence. This proves the part of 
Theorem 7.1 for n + 1 that concerns the differentials leading up to the term 

E^f^^''^+\Cpn+i,i/p) = E{un+i,X2) ^¥p{t-' I < i<p}®P{t^P") 

n 

e E{Un+l,X2) ^ Fp{t^' I Vp{j) = 2k-2}(^ Pp(2k-3)itfl2) 
k=2 



(7.6) 



i0^(w„+l,€l) 0Fp{iJA2 I Vp{j) =2k- 1} ® Pp(2k-2){tfl2) 
k=2 

© E{un+i , ei, As) P(i±p'" ,tn2). 



Next we use the following commutative diagram, where we abbreviate THH(B) 
to T{B): 



(7.7) (T{BYCp)f''^p" ^ T{Bf^^" T{BY 



T{By<='p i 



F 

T{B) 



F 

■.T{B) 



■^T{B) 



F 

tCrt 



The horizontal maps all induce {2p — 2)-coconnected maps in F(l)-homotopy for 

B = I /p. Here F is the Frobenius map, forgetting part of the equivariancc. Thus 
the map F^+i to the right induces an isomorphism of E{\2) ® P(w2)-modules in all 
degrees > (2p - 2) from V{l)*THH{e/p)'^''" , impHcitly identified to the left with 
the abutment of ii2^E*{Cp^ , l/p), to V{l)^THH{t/pY'^v^+^ , which is the abutment 
of E*{Cpn^\.,ilp). The diagram above ensures that the isomorphism induced by 
r„+i is compatible with the one induced by Fi. By Proposition 6.9 it takes ei, A2 

2 

and p2 to ei, A2 and t"^ , respectively, and similarly for monomials in these classes. 
We focus on the summand 

E{un, A2) 0Fp{/i^ I Vp{j) = 2n - 2} ® P p{2n-\){i^^2) 

in li2^E'^^{Cp^,l/p), abutting to V{l)^THH{l/p)^p" in degrees > {2p-2). In the 
P(t'2)-module structure on the abutment, each class jii^ with Vp{j) = 2n — 2, j > 0, 
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generates a copy of Pp{2n-i){v2), since there are no permanent cycles in the same 
total degree as y = (t;U2)''^^"~^-' ■ ^2 that have lower (= more negative) homotopy 
fixed point filtration. See Lemma 7.8 below for the elementary verification. The 
P(w2)-module isomorphism induced by Tn+i must take this to a copy of -Pp(2n-i) (^2) 
in V{l)^THH{l/pf^v-^+\ generated by t'P^L 

Writing i = — p^j, we deduce that for Vp{i) = 2n, i < 0, the infinite cycle 
z = {tfi2)^^^"~^'' 't^ must represent zero in the abutment, and must therefore be hit 
by a differential z = (F{x) in the Cpn+i-Tate spectral sequence. Here r > 2p{2n) + 2. 

Since z generates a free copy of P{tii2) in the £'^''(^")+^-term displayed in (7.6), 
and (F is P(t/X2)-linear, the class x cannot be annihilated by any power of t^2- This 
means that x must be contained in the summand 

£;K+i,ei,A2)®P(t±P'",t/X2) 

of El*^^"'^^^{Cpn+i,£/p). By an elementary check of bidcgrccs, see Lemma 7.9 
below, the only possibility is that x has vertical degree {2p — 1), so that we have 
differentials 

^2p(2n+l)(^p-+i-p-+Hz . ^ {tfl2r^^^-'^ ■ f 

for all i < with Vp{i) = 2n. The cases i > follow by the module structure over 
the Cpn+i-Tate spectral sequence for I. The remaining two differentials, 

^2p(2n+2)(^p-+^-p-+^) = X2 ■ t^"^' ■ (i/X2)''(^") 

and 

^2p(2n+2)+l(^^^^ = (i/X2)''('")+' 

are also present in the Cp^+i-Tate spectral sequence for I, see [AuR02, 6.1], hence 
follow in the present case by the module structure. With this we have established 
the complete differential pattern asserted by Theorem 7.1. □ 

Lemma 7.8. For Vp{j) = 2n — 2, n> I, there are no classes in fi2^E'^{Cpn,i/p) 
in the same total degree as y = {t^2Y^'^^~^'' ■ A*2 ^^^^ have lower homotopy fixed 
point filtration. 

Proof. The total degree of y is 2(p^"'+^ — +p— 1) + 2]3^_7 = (2p — 2) mod 2p^", 
which is even. 

Looking at the formula for ^2^E'^ {Cpn , i/p) in Corollary 7.5, the classes of lower 
filtration than y all lie in the terms 

E{Un,€i) (g) ¥p{X2ni I Vp{i) = 2n - 1} (8) Pp(2n){tH2) 

and 

£^(ei,A2)(8)P(/X^^ ) ® Pp(2n)+l{tti2) ■ 

Those in even total degree and of lower filtration than y are 

WnA2 • /U2(t^2)% ei>^2 ■ l^litlJ-2T 

with Vp{i) = 2ra — 1, p{2n — 1) < e < p(2n), and 

IJ.iitiJ.2T, 61X2 ■ lJ,i{tiJ2T 
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with Vp{i) > 2n, p{2n — 1) < e < p{2n). 

The total degree of u„A2 • /U2(*/"2)'' for Vp{i) = 2n- 1 is (-1) + (2p^ — 1) +2p^f + 
{2p^ — 2)e = (2p^ — 2)(e + l) mod 2|)^". For this to agree with the total degree of y, 
we must have (2p-2) = (2p^ — 2)(e + l) mod 2p^", so (e + 1) = 1/(1 +p) mod p^" 
and e = p{2n — 1) — 1 mod p^". There is no such e with p(2n — 1) < e < p{2n). 

The total degree of €1X2 ■ pUtfJ-2T fo^ ^'p(^) = 2n - 1 is (2p - 1) + {2p^ - 1) + 
2p'^i + (2p2 - 2)e = 2p + (2^^ - 2)(e + 1) mod 2^^". To agree with that of y, we 
must have {2p - 2) = 2p + {2p^ - 2)(e + 1) mod 2^^", so (e + 1) = 1/(1 - p^) 
mod p^" and e = p{2n) mod p^"". There is no such e with /9(2n — 1) < e < p[2n). 

The total degree of p\{t^i2Y for ^'pI^) > 2n is 2^2?; + (2^2 _ 2)e = {2p^ - 2)e 
mod 2p2". To agree with that oiy, we must have (2p— 2) = (2p2 — 2)e mod 2p^"', so 
e = l/{l+p) = p{2n — l) modp2". There is no such e with /9(2n — 1) < e < p(2n). 

The total degree of €1X2 ■ P-i{tl^2Y for Vp{i) > 2n is (2p - 1) + (2p2 - 1) + 2p2i + 
(2p2 — 2)e. To agree modulo 2p^'^ with that of y, we must have e = p{2n) mod p^"'. 
The only such e with p(2n — 1) < e < p(2n) is e = p{2n). But in that case, the total 
degree of ei A2 ■ p\{tp2Y is 2p + 2p'^i + (2p2 - 2)(p(2n) + 1) = 2(p2"+2 + p _ 1) + 2p2i 
To be equal to that of y, we must have 2p2z + 2p2"+-^ = 2p2j, which is impossible 
for Vp{{) > 2n and Vp[j) = 2n — 2. □ 

Lemma 7.9. For Vp{i) = 2n, n>l and z = {tp2)''^^^~^^ ■ , the only class in 

E{Un+l,ei,X2) ® Pit^"'" M 
that can support a differential d^{x) = z for r > 2p{2n) + 2 is (a unit times) 

Proof. The class z has total degree (2p2 - 2)p(2ra - 1) - 2i = 2p2"+2 - 2p2"+i + 2p - 
2 — 2i = (2p — 2) mod 2p2", which is even, and vertical degree 2p^p{2n — 1). Hence 
X has odd total degree, and vertical degree at most 2p^ p{2n — 1) — 2p(2n) — 1 = 
2p2"+2 — 2p2"+r — ... — 2p^ — 1. This leaves the possibilities 

n„+i • ^^■(^M2)^ ei • ^^■(^/x2)^ A2 • t^{tp2y 

with Vp{j) > 2n and < e < p2" — p2"'-i —p = p{2n — 1) — p(2n — 2) — 1, and 

u„+ieiA2 • t^{tp2T 

with Vp{j) > 2n and < e < p2" - p2"-i p - 1 = p(2n - 1) - p(2n - 2) - 2. 

The total degree of x miist be one more than the total degree of z, hence is 
congruent to (2p — 1) modulo 2p2". 

The total degree of Un+i ■ P{tp2T is -1 - 2j + (2p2 - 2)e = -1 + (2p2 - 2)e 
mod 2p2"'. To have (2p — 1) = —1 + (2p2 — 2)e mod 2p2" we must have e = 
— p/ (1 — p2) = p2" — p2n-i _ . . . _p mod p2", which does not happen for e in the 
allowable range. 

The total degree of A2-t^(i/X2)^ is (2p2-l)-2j + (2p2-2)e = (2p2-l) + (2p2-2)e 
mod 2p2"^. To have (2p - 1) = (2p2 — 1) + (2p2 — 2)e mod 2p2"' we must have 
e = — p/(l +p) = p(2n — 1) — 1 mod p2", which does not happen. 

The total degree of 1 ei A2 • t-'' (t At2 ) is - 1 + (2p - 1) + (2p2 - 1) - 2 j + (2p2 - 2) e = 
(2p-l) + (2p2-2)(e + l) mod2p2". To have (2p- 1) = (2p- 1) + (2p2 - 2)(e+ 1) 
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mod 2p^" we must have (e + 1) = mod ^j^", so e = p^" — 1 mod p^", which does 
not happen. 

The total degree of ei • {tii2Y is (2p - 1) - 2j + (2p2 _ 2)e = (2p - 1) + (2p2 - 2)e 
mod 2^^". To have (2p — 1) = {2p — 1) + (2p^ — 2)e mod 2p^", we must have e = 
mod p^"", so e = is tlic only possibility in the allowable range. In that case, a 
check of total degrees shows that we must have j = p^n+i _ p2n+2 _j_ ^_ |— | 

Corollary 7.10. V{l)^THH{i/p)^'p" is finite in each degree. 

Proof. This is clear by inspection of the £^°°-term in Corollary 7.2. □ 

Lemma 7.11. The map Gn induces an isomorphism 

in all degrees. In the limit over the Frohenius maps F , there is a map G inducing 
an isomorphism 

V{l),THH{e/pY^' ^ V{l),{THH{l/pf^^f^' . 

Proof. As remarked after diagram (7.3), G„ induces an isomorphism in V^(l)- 
homotopy above degree (2p — 2). The permanent cycle ^ in E^{Gp«+i , £) acts 

^ 2n-|-2 n^^^ ~\ 

invertibly on E^{Cpri+i,i/p), and its image G„(t~^ ) = 1^2 ^^{C!pn,£) 

acts invertibly on ijL2^E^{Cpn,£/p). Therefore the module action derived from the 
f-algebra structure on i/p ensures that G„ induces isomorphisms in y(l)-homotopy 

in all degrees. □ 

Theorem 7.12. (a) The associated graded ofV{l)^THH{£/pf^' for the S^-Tate 
spectral sequence is 

EZ{S\£/p) = E{\2) ¥p{t-' I < i < p} ® P{t^p") 

®^E{\2)®¥p{t^ I Vp{j) = 2k- 2} Pp(2fc-3)(t/^2) 
k>2 

© £;(ei) ¥p{t^\2 I Vp{j) = 2k-\}® Pp(2fc-2) {t^Ji2) 

k>2 

®E{ex,\2)®P{tn2). 

(h) The associated graded ofV{l)^THH{l/p)^^ for the -homotopy fixed point 
spectral sequence maps by a {2p — 2)-coconnected map to 

li^'EZ{S\i/p) = E{\2) ® Fp{^^ \Q<i<p]® Pifif') 

© E{X2) Wpini I Vp{j) = 2fe - 2} (g) Pp(2fc-i)(tM2) 
fc>i 

©0^(ei) ®Fp{A2/x-^ I Vp{j) = 2k- 1} ® Pp(2k)itH2) 

k>l 

®E{ei,\2)®P{tn2)- 

(c) The isomorphism from (a) to (h) induced by G takes to for < i < p 
and f to ^2 for i + p'^j = 0. Furthermore, it takes multiples by ei, A2 or tfi2 in the 
source to the same multiples in the target. 

Proof. Claims (a) and (b) follow by passage to the limit over n from Corollaries 7.2 
and 7.5. Claim (c) follows by passage to the same limit from the formulas for the 
isomorphism induced by r„+i, which were given below diagram (7.7). □ 
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8. Topological cyclic homology 
By definition, there is a fiber sequence 

TC{B) A TF{B) TF{B) 
inducing a long exact sequence 

(8.1) . . . ^ V{1),TC{B) ^ V{1),TF{B) V{1).TF{B) ^ . . . 

in y(l)-homotopy. By Corollary 6.10, there are (2p — 2)-coconnected maps F and T 

from V(l),TF{e/p) to V{l)^THH{i/pf^^ and V{l)^THH{l/pf^\ respectively. 
We model V{l)^TF{i/p) in degrees > (2p - 2) by the map f to the S'^-Tate 
construction. Then, by diagram (7.3), R is modeled in the same range of degrees 
by the chain of maps below. 

V{1)^THH{BY^' V(l)^THH{Bf^^ > V{l)^THH{Bf^^ 

V{l)^{THH{Bf^^f^^ 

Here R!^ induces a map of spectral sequences 

E* {R^) : E* {S^ ,B)^E* (S^ , B) , 

which at the iiJ^-term equals the inclusion that algebraically inverts t. When B = 
i/p, the left hand map G is an isomorphism by Lemma 7.11, and the middle (wrong- 
way) map is {2p — 2)-coconnccted. 

Proposition 8.2. In degrees > {2p — 2), the homomorphism 
E'^{R^): E°°{S^,e/p) ^ E'^{S\e/p) 

maps 

(a) E{€i,X2) ® P{t^i2) identically to the same expression; 

(b) E{X2) <8)Fp{/X2''} (8) -Pp(2fc-i)(iA*2) surjectively onto 

(2fe-3) (*M2) 

for each k >2, j = dp^^'"^ , Q < d < p^ — p and p \ d; 

(c) E{ei) Fp{A2/i2 ® Pp{2k){pl^2) surjectively onto 

E{e^)®¥p{t^X2}® Pp{2k-2)itfJ'2) 

for each k >2, j = dp^^~^ and < d < p; 

(d) the remaining terms to zero. 

Proof. Consider the summands of E°°{S^,£/p) and E°°{S^,£/p), as given in The- 
orem 7.12. Clearly, the first term E{X2) (8) Fpl/Xg | < z < p} (8) P{lJ'2) goes to zero 
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(these classes are hit by c/^-difFerentials), and the last term £^(ei, A2) (8)-P(i//2) niaps 
identically to the same term. This proves (a) and part of (d). 

For each k > 1 and j = dp^'^~'^ with p \ d, the term E(X2) FpjyU^-'} (g) 
Pp(2fe-i) (iA*2) maps to the term E{\2) ®¥p{P} ^ Pp{2k-3){tl^2), except that the 
target is zero for k = 1. In symbols, the element A2/^^"'(t//2)* maps to the element 
X2t-^ {tfi2y~'' ■ If d < 0, then the t-exponent in the target is bounded above by 
^p2k-2 _|_ p(^2k — 3) < 0, so the target lives in the right half-plane and is essentially 
not hit by the source, which lives in the left half-plane. If d > p^ —p, then the total 
degree in the source is bounded above by (2p^ — 1) — ^dp'^'' + p{2k — l)(2p^ ~ 2) < 
2p — 2, so the source lives in total degree < {2p — 2) and will be disregarded. If 
< d < p'^ -p, then p{2k - 1) - dp'^''~^ > p{2k - 3) and -dp'^^~'^ < 0, so the source 
surjects onto the target. This proves (b) and part of (d). 

Lastly, for each k>l and j = dp^^~^ with p| d, the term E{ei) (8)Fp{A2/x^''} (8) 
Pp{2k){tp2) maps to the term E{ei) ®¥p{P \2} ® -Pp(2fc-2)(*^2)- The target is zero 
for k = 1. If d < 0, then dp^^~^ + p{2k — 2) < so the target lives in the right half- 
plane. If d > then {2p~l) + {2p^ - 1) - 2dp2'=+i + p{2k) {2p^ -2) <2p-2, so the 
source lives in total degree < (2p — 2). If < d < p, then p{2k) — dp'^^~^ > p{2k — 2) 
and —dp^^~^ < 0, so the source surjects onto the target. This proves (c) and the 
remaining part of (d). □ 

Definition 8.3. Let 

A = E{ei,\2)0P{tp2) 
Bk = E{X2) ^Fpif^P ~ I 0<d</-p,ptd}® Pp{2k-3){tfJ'2) 

J 2fe 1 

Ck = E{ei) ® Fpif^P A2 I < d < p} (8) Pp(2fc-2) itp2) 

for A; > 2 and let D be the span of the remaining monomials in E°°{S^,£/p). Let 
B = 0^>2 Bk and C = 0^>2 Ck- Then E^{S^4/p) =A®B®C®D. 

Proposition 8.4. In degrees > {2p—2), there are closed subgroups A = E{ei, A2)(8) 
P{v2), Bk, Ck and D in V{l)*TF{i/p), represented by A, Bk, Ck and D in 
E°°{S^,£/p), respectively, such that the homomorphism induced by the restriction 
map R 

(a) is the identity on A; 

(b) maps Bk+i surjectively onto Bk for all k > 2; 

(c) maps Ck+i surjectively onto Ck for all k > 2; 

(d) is zero on B2, C2 and D. 

In these degrees, V{l)^TF{£/p) ^ A® B ® C ® D, where B = nfc>2-^fc "'^^ 
C = Wk>2 Cfc- 

Proof. In terms of the model THH{i/pY^ for TF{£/p), the restriction map R 
is given in these degrees as the composite of the isomorphism G, computed in 
Theorem 7.12(c), and the map E°°{R^), computed in Proposition 8.2. This gives 
the desired formulas at the level of i?"" -terms. The rest of the argument is the same 
as that for Theorem 7.7 of [AuR02], using Corollary 7.10 to control the topologies, 
and will be omitted. □ 

Remark 8.5. Here we have followed the basic computational strategy of [BM94], 
[BM95] and [AuR02]. It would be desirable to have a more concrete construction 
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of the lifts Bk, Ck and D, in terms of deRham-Witt operators i?, F, V and d = a, 
like in the algebraic case of [HM97] and [HM03]. 

Proposition 8.6. In degrees > (2p — 2) there are isomorphisms 
ker{R - 1) = 2 © lim 5^ lim Ck 

k k 

®E{X2)®¥p{t'^ \ < d < p"^ - p,p\ d} ® P{v2) 

© E{ei) ^¥p{t'^PX2 \ 0<d<p}® P{v2) 

and cok(i? — 1) = A = E{ei, A2) 18) P{v2)- Hence there is an isomorphism 

V{l).TC{£/p) ^ E{d, ei , A2) ® P{v2) 

®E{X2)^j¥p{t'^ I 0<d<p'^-p,p\d}®P{v2) 

© E{ei) ® ¥p{t'^P\2 \ 0<d<p}^ P{V2) 

in these degrees, where d has degree —1 and represents the image of 1 under the 
connecting map d in (8.1). 

Proof. By Proposition 8.4, the homomorphism i? — 1 is zero on A and an isomor- 
phism on D. Furthermore, there is an exact sequence 

^ limSfc -> rr Bk ^ WSk^ lim^ 5^ ^ 

k k 

k>2 k>2 

and similarly for the C's. The derived limit on the right vanishes since each .Bfe+i 
surjects onto B^. 

Multiplication by t/X2 in each B^ is realized by multiplication by V2 in B^. Each 
Bk is a sum of 2{p — 1)^ cyclic P(t;2)-modules, and since p{2k — 3) grows to infinity 
with k their limit is a free P(i'2)-module of the same rank, with the indicated 
generators and t'^X2 foi < d < p^ — p, p \ d. The argument for the C's is 
practically the same. 

The long exact sequence (8.1) yields the short exact sequence 

^ S"^ cok(ii: - 1) V{l)^TC{e/p) A ker(i? -1)^0, 
from which the formula for the middle term follows. □ 

Remark 8.7. A more obvious set of E{X2) P(f2)-module generators for lim^ 5^ 

would be the classes f^^ in B2 = B2, for < d < p"^ — p, p \ d. Under 
the canonical map TF{i/p) THH{i/p)^p, modeled here by THH{l/pf^^ -> 
{T H H / pY'~^p)^'~^p , these map to the classes /Lt^^. Since we are only concerned with 
degrees > {2p—2) we may equally well use their i;2-power multiplies {tiJL2Y ■ ijl^'^ = t^ 
as generators, with the advantage that these are in the image of the localization 
map THH{l/p)^^v -> {THH{l/pY^p)^'^p . Hence the class denoted in limfc P^ 
is chosen so as to map under TF{i/p) THH{i/p)'^^'p to in E^{Cp]£/p). 
Similarly, the class denoted t'^'PX2 in lim^ is chosen so as to map to t'^PX2 in 
Er.{Cp-£/p). 

The map n: £/p — > Z/p is (2p — 2)-connected, hence induces (2p — l)-connected 
maps vr* : K{i/p) K{Z/p) and vr* : V{l)^TC{e/p) V{l),TC{Z/p), by [BM94, 
10.9] and [Du97]. Here TC{Z/p) ~ HZpV^-^HZp and V{l)^TC{Z/p) ^ E{d,ei), 
so we can recover V{l)^,TC{i/p) in degrees < {2p — 2) from this map. 
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Theorem 8.8. There is an isomorphism o/£'(Ai, A2) ® P{v2) -modules 

V(l),TC{t/p) ^ P{V2) ® E{d, ei, A2) 

® P{v2) IS) E{dlogvi) ®¥p{t'^V2 \ 0<d<p'^ -p,p\d} 
© P{v2) ® E{€i) Fp{t*A2 \ 0<d<p} 

where V2-dlogvi = A2. The degrees are \d\ = —1, |ei| = |Ai| = 2p—l, IA2I = 2p^ — l 
and \v2\ = 2p^ — 2. The formal multipliers have degrees \t\ = —2 and \ dlogi;i| = 1. 

The notation dlogwi for the multipher v^^A2 is suggested by the relation vi ■ 
dlogp = Ai in F(0)*rC(Z(p)|Q). 

Proof. Only the additive generators for 0<d<p'^—p, p\d from Proposition 8.6 
do not appear in y(l)*TC(^/p), but their multiples by A2 and positive powers of V2 
do. This leads to the given formula, where dlogfi • t'^V2 must be read as t'^X2- □ 

By [HM97] the cyclotomic trace map of [BHM93] induces cofiber sequences 
(8.9) K{Bp)p TC{B)p ^-^HZp 

for each connective S-algebra B with 7ro(-Bp) = Zp or Z/p, and thus long exact 
sequences 

■ ■ ■ ^ V{l).K{Bp) V{1).TC{B) ^ ^-'E{e,) ^ . . . . 

This uses the identifications W(7jp)f — W{Z/p)f = Zp of Frobenius coinvariants 
of Witt rings, and applies in particular for B = i/Z^p), HZ/p, i and i/p. 

Theorem 8.10. There is an isomorphism of E{Xi, \2) ® P{v2) -modules 

V{l),K{l/p) ^ P{v2) ® E{ei) ® ¥p{l, 8X2, A2, dv2} 

© P{v2) <8) -©(dlogvi) (8) ¥p{t^V2 \ <d<p'^ -p,p\d} 
© P{v2) ® E{ei) ® ¥p{t'^PX2 I < d < p} . 

This is a free P{v2) -module of rank {2p^ — 2p + 8) and of zero Euler characteristic, 
where p> 5 is assumed. 

Proof. In the case B = Z/p, K(Ij/p)p ~ HZp and the map g is split surjective 
up to homotopy. So the induced homomorphism to F(l)*S~^iJZp = 'E~^E{ei) is 
surjective. Since vr: i/p Z/p induces a {2p — l)-connected map in topological 
cyclic homology, and T,~^E{ei) is concentrated in degrees < {2p — 2), it follows by 
naturality that also in the case B = £/p the map g induces a surjection in 
homotopy. The kernel of the surjection P{v2) <8) E{d, ei, A2) — > S~^-E(ei) gives the 
first row in the asserted formula. □ 

9. The fraction field 



We wish to determine the effect on algebraic iC-theory of excising the closed 
subspaces Spec(Zp) and Spnc(^/p) from Spec(^p), meeting at the closed point 
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Spec(Z/p). It will be a little cleaner to express the computation in topological 
cyclic homology. Therefore we consider another 3x3 diagram of cofiber sequences 



(9.1) 



rc(z/p) 



TC{l/p) 



TC{i) ^ TC{e\p-H) 



^TCijfii)), 



TC{e/p\L/p) — — > TC{i\L) - 

generated as usual by the upper left hand square. Like in the THH-casc displayed 
in diagram (5.5), the upper horizontal transfer map was defined in [HM03], and 
the remaining transfer maps can be defined using [BM:loc]. 
In the top row, the transfer map from 



V{l).TC{Z/p) = E{d,ei) 



to 



y(i)*rc(Z(p)) = E{d, Ai) e ¥p{t^x^ \ o<d<p} 

is a module map over the target. We claim that z*(l) = and i*(ei) = Ai, up to a 
unit in Fp, so 

y(i)*rc(Z(p) IQ) = E{d, diogp) e Wpif^Xi \ o<d<p}, 

where the connecting map from (9.1) takes the degree 1 class dlogp to 1. To 
prove the claim, recall from [HM03] that vi ■ dlogp = Ai in the y(0)-homotopy of 
TC(Z(p) |Q). Hence Ai in l/(l)*T(7(Z(p)) maps to zero under j* , and must be in 
the image of i*. The only class that can hit it is ei, up to a unit. 
In the middle row, the transfer map from 

V{l),TC{£/p) = P{v2) E{d, ei , A2) 

® P{v2) E{dlogVi) (^¥p{t'^V2 \ < d Kp"^ - p,p\ d} 
e P{v2) ® E{ei) O ¥p{&\2 I < d < p} 

(computed in Theorem 8.8), to 

V{l),TC{t) = P{v2) (8) E{d, Ai, A2) 

e P{v2) ® E{\2) ® Fplt'^Ai \ Q<d<p] 
© P{v2) ® -E(Ai) ® Wp{t'^P\2 I < d < p} 

(computed in [AuR02, 8.4]), is also a module map over the target. By naturality 
in the diagram 



TC{l/p) 



■ TC{i) 



p-H) 



TC{Z/p) TC{Z^p)) rC(Z(p)|Q) 
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we find that = and i*{ei) = Ai in y(l)*TC(^), since the vertical maps tt* 
are all {2p — l)-conncctcd. 

2 

To be precise, ) will be a unit times Ai plus a multiple of ~^A2, but Ai 
was only defined modulo such indeterminacy in [AuR02, 1.3], and this is a good 
occasion to make a more definite choice. In p-adic homotopy, tt* : iT2p-iTC{tjp — > 
7r2p_irC(Z(p))p = Zp{Ai} is surjective with kernel isomorphic to iT2p-2{^)p — ^p, 
so 

^2p-iTC{i)p ^ V{l)2p-iTC{i) = ¥p{\ut^P-^^P\2} 

is surjective, and this ensures that we may, indeed, choose Af" G K2p-\{(.p)p so that 
its cyclotomic trace image Ai G T^2p-iTC{t)p reduces mod p and vi to a unit times 
i*(ei). 

Furthermore, it,{t'^V2) = foi < d < — p, p \ d, since the target is zero in 
these degrees, namely the even degrees strictly between 2p — 2 and 2p^ — 2 that 
are not congruent to —2 mod 2p. Similarly, i^,{t'^V2d\ogvi) = for the same d. 
Therefore the cofiber of is 

V{l),TC{e\p-^i) = P{v2) ® E{d, dlogp, A2) 

e P{v2) (8) E{X2) (8) Wpif^Xi \ 0<d<p} 

®P{v2) ^E{dlogvi) ®¥p{t'^V2dlogp \ < d < p'^ - p,p \ d} 

e P{v2) ® E{d\ogp) ¥p{t'^PX2 \ 0<d<p} 

where the connecting map from (9.1) takes dlogp to 1. 

In the middle column the transfer map tt* : y(l)^,rC(Z(p)) V{1)^:TC{£) is 
zero. For the natural map tt* is {2p — l)-connected and thus surjective, and the 
composite vr^ovr* is multiplication by the cyclotomic trace class of -ffZ(p) in 7roTC(£), 
realized as the mapping cone of vi : i, which represents zero already in 

We introduce a degree 1 class dlogui in the cofiber V{1)^:TC{£\L), and suppose 
that this notation is compatible with that of Theorem 8.8, in the sense that V2 ■ 
dlogui = A2 as elements of V{l)^TC{i\L), not just formally as in V{l)^,TC{i/p). 
This is again to be expected by analogy with the case of V{0)^,TC{Z(^p^\Q). Then 
the terms E{d,Xi) 0¥p{X2} and Fp{i'^AiA2 \ < d < p} in V{1)^TC{£) become 
once divisible by V2 in the cofiber, which we can write as 

V{l),TC{e\L) = P{v2)®E{d, Ai,dlogi;i) 

e P{v2) ® E{d\ogvx) (g) Wpif^Xi I < d < p} 
e P{v2) ® E{Xx) ® ¥p{&V2 dlogwi \ Q<d<p}. 

In the left hand column, a very similar argument gives vr* = and 

V{l),TC{i/p\Llp) = P{v2)®E{d,ei,dlogvi) 

e P{v2) <8) -E;(dlog'yi) (8) ¥p{t'^V2 \ < d < p'^ - p,p \ d} 
e P{v2) <8) -B(ei) (8) ¥p{t'^Pv2 dlog vi \ < d < p} . 

We are most interested in the right hand column, where again tt* is surjective 
and TT* o TT* = 0, so tt* = 0. 
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Proposition 9.2. There is an exact sequence 

^ V{l).TC{£\p-H) ^ V{l).TC{ff{£)) ^ F(l)*_iTC(Z(p)|Q) ^0. 

If V2 -dlog-yi = A2, where the (right hand) connecting map takes dlogfi to 1, then 
there is an isomorphism 

V{l).TC{ff{£)) = P{v2)(^E{d,dlogp,dlogvi) 

e P{v2) ^(dlog vi) (g) Ypif^Xi \ 0<d<p} 

e P{v2) «) S(dlogfi) (g) ¥p{t'^V2dlogp \ < d < p'^ - p,p\ d} 

© Piv2) ® E{dlogp) (g) Fp{t*U2 dlogi;i | < d < p} . 

This is a free module over P{v2) of rank {2p^ +6) and of zero Euler characteristic. 

Proof. The assumption in the second clause is that the terms E{d, dlogp) (giFp{A2} 
and '¥p{t'^\i\2 | < (i < in V{l)^TC{t\p~^t) become once divisible by V2 in 
F(l)*rC(if (£)), and the formula then follows from those for y(l)*TC(Z(p)|Q) and 

V{l),TC{l\p-^l). □ 

Remark 9.3. We expect to verify the relation V2 ■ dlogui = A2 in V{l)^,TC{i\L) 
and F(l)*rC(jff (£)) by means of a logarithmic geometric model for TC(£\L), to be 
discussed in [Rogdtc]. 

Theorem 9.4. There is an exact sequence 

^ ^-^E{d\ogp,d\ogvi) 0¥p{ei} ^ V{l).K{ff{£p)) ^ 

^ Vil).TC{ffi£)) ^ S-iE(dlogp,dlogi;i) ^0. 

Thus, if V2 ■ dlogui = A2, then there is an isomorphism of P{v2) -modules 

V{l).K{ff{£p)) = P{V2) ® K 

modulo the kernel E(d\ogp, dlogvi) ®¥p{ei} of trc, where 

A* = -E(5i;2,dlogp, dlogvi) 

© E(dlogi;i) Wpif^Xi \ Q<d<p} 

© £;(dlogi;i) (2>Fp{t'''U2 dlogp \ Q < d < p^ - p,p\ d} 

© E{d\ogp) (g) Wp{t'^Pv2 dlog vi I < d < p} . 

See Figure 10.3 below for a chart of A*. 

Proof. To pass to algebraic K-theory, we consider the map from diagram (3.10) to 
diagram (9.1) induced by the cyclotomic trace map in (8.9). The cofiber is the 3x3 
diagram of cofiber sequences with a copy of T,~^H'Zp in each corner of the upper 
left hand square, and V{l)^Ti~^ HZp = T,~^E{€i). The transfer maps i^, and tt* 
in this diagram are all trivial, since the natural maps i* induce the isomorphisms 
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W{Zp)F = W{Z/p)f and the maps tt* induce identity maps. So there is a long 
exact sequence 

■■■^V{l%K{jJ{ip))^V{l%TCiff{i))^^-'E{e,,dlogp,dlogv,)^... . 

We claim that the image of g equals T,~^ E{dlogp, dlogui). It is clear that the term 
£'(dlogp, dlogfi) 0¥p{d} in V{l)^,TC{ff{£)) has this image. We must argue that 
E~"'^£'(dlogp, dlogf i) iX) Fp{ei} is not in the image of g. 

In degree (2p — 2) the class S~^ei could only be hit by tXi -dlogwi, but tAi is the 
image of ai in 7r2p-3(5') and g takes dlogfi to zero, so g also takes tXi ■ dlog?;i to 
zero, since it is a map of S-moduIes. In degree (2p— 1) the class ~i'v2 dlog vi comes 
from ~'P\2 in V{l)^TC{t), so by naturality it cannot map to S~^eidlogp or 

-J _ 2 2 

E~ ei dlog f 1 . In degree 2p the class 2 dlog p dlog vi comes from ~^\2 dlogp 

in V{l)^,TC{£\p~^£), so it cannot hit E~^ei dlogf»dlogf 1. This exhausts all possi- 
bilities, and concludes the proof. □ 

The low-degree ?;2-divisibility assumptions needed for Proposition 9.2 and The- 
orem 9.4 become irrelevant upon inverting V2, since the y(l)-homotopy of both 
TC(Z(p) |Q) and T,~^HZp is t'2-torsion. Hence we have the following unconditional 

result, for primes p > 5. 

Theorem 9.5. In V2-periodic homotopy there are isomorphisms of P{v2^) -modules 
V{l\TC{t\p-H)[v^^] ^ V{l\TC{ff{tj)[v^^] ^ V{l).K{p-Hp)[v^^] 

where A* is as in Theorem 9.4- 

10. Galois cohomology 

For motivation, let F ^ £" be a G-Galois extension of local or global number 
fields, i.e., finite extensions of Q or Qp for some prime p. There is an induced G- 
action on K{E) and a natural map K{F) K{E)^^ . In their simplest form, the 
Lichtenbaum-Quillen conjectures predict that this map induces an isomorphism in 
mod p homotopy, in sufficiently high degrees. In other words, the abutment of the 
homotopy fixed point spectral sequence 

El, = H;;{G;V{0)tK{E)) =^ V{QUtK{Ef^ 

is conjectured to agree with V{Q).jtK{F) in sufficiently high degrees. Thomason 
[Th85, 0.1, 4.1] proved these conjectures for algebraic i^-theory with the Bott 
element inverted (in much greater generality than the present one) , or equivalently, 
for the vi-periodic algebraic K-theory functor F(0)*K(— Hence there is a 
spectral sequence 

El, = H;;{G;V{0)tK{E)[v^']) ^ V{OUtK{F)[v^'] 

for each Galois extension E of F, with G = Gal{E/F). Passing to the colimit 
over all such Galois extensions contained in a separable closure F oi F still gives a 
spectral sequence 



Kt = H-UGp;V{0),K{F)[v^']) ^ V{OUtK{F)[v^'] . 
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Here H'^ont{GF; M) equals the continuous group cohomology of the absolute Ga- 
lois group Gp = Gsl^F/F), for any discrete Gi?-module M, which is also de- 
noted Hq^i{F; M) and known as Galois cohomology. By Suslin's theorem [Su84], 
K{F)p ~ kup, so ViO)tK(F)[v^'^] ^ ViO)tKU = ¥p(t/2) equals the GF-module 
/xf^*/^^ for t even, and for t odd. Here Fp(l) = F(0)2-fC(F) ^ HpiF)_ = ij.p_ is 
the group of p-th roots of unity in F, considered as the p-torsion in Ki{F) = F^ . 
Thus the spectral sequence above can be rewritten as the Galois descent spectral 
sequence 

(10.1) El, = H^li{F-¥p{t/2)) =^ V{OUtK{F)[v^^] . 

We will conjecture below that there are similar results for G-Galois extensions 
ff{A) jf{B) of the fraction fields of a class of iir(l)-local commutative S-algebras, 
containing Lp and KUp, when considering the t;2-periodic algebraic i^-theory func- 
tor V{l)^K{—)[v2^]- Recall from (3.5) and (3.6) that this functor does not dis- 
tinguish between the fraction fields of L and Lp, or between the fraction fields of 
KU, KUi^p^i or KUp, since it vanishes on finite, global and local fields in the ordi- 
nary sense. Note that we here shift our focus from connective spectra like i and 
lp, which are convenient for topological cyclic homology calculations, to ir(l)-local 
spectra like Lp, which are convenient for Galois theory. As discussed in Remark 2.6, 
ffi^'p) = ffi^p) ffi^^p) = ff{KUp), so the shift is only one of perspective. 

More precisely, we might consider a i^(l)-local pro-Galois extension Lk(i)S — > C 
of commutative iS-algebras in the sense of [Rog08, 4.1], with profinite Galois group 
H, and a pair K C N oi closed subgroups of H, with K normal in N. Letting 
A = C^^, B = C^'^ and G = N/K we obtain a diagram 

Jp = Lx{\)S — > A — y B — > C . 

Here Jp is the p-complete image-of-J spectrum, which plays an analogous initial 
role in the K(l)-local category as HQ = LqS does in the rational category. There is 
a K(l)-local pro-F-Galois extension Jp — >■ Lp, where F = 1 ^-pLp C acts on Lp 
through p-adic Adams operations, and Spec(Jp) = [Spec(Lp)/r] is essentially the 
derived orbit stack for the corresponding F-action on the derived scheme Spec(Lp). 
Similar remarks apply in a non-commutative sense to J/p — > L/p, so Spec(jff (Jp)) 
may be interpreted as the derived orbit stack for F acting on Spec{ff{Lp)). In both 
cases, some care in interpretation is needed, since F is a profinite group. 

For such a i^(l)-local G-Galois extension ^4 ^ i? as above, we expect that the 
map K{A) K{B)^'^ induces an isomorphism in F(l)-homotopy, in sufficiently 
high degrees, so that there is a weak equivalence 

Vil),KiA)[v^^] ^ Vil).KiB)>^^[v^^] 

and a homotopy fixed point spectral sequence 

El, = H;;{G;V{l)tK{B)[v^']) ^ V{lUtK{A)[v^'] . 

In the special case of the A-Galois extension Lp KUp, this conjecture is some- 
what trivially compatible with the predicted formula (3.8), since Hgp{/S.;P{h^^)) 
equals P{vf^) for r = and is otherwise. 



K-THEORY OF THE FRACTION FIELD OF K-THEORY 



47 



Considering A and B as valuation rings in their fraction fields, when defined, 

these extensions correspond to unramified Galois extensions of the fraction fields. 
It is difficult to use the obstruction theories of [GH04] or [Rob03] to construct ram- 
ified extensions in commutative iS-algebras, since the ramification creates highly 
nontrivial obstruction groups of Andre Quillcn type. In fact, there are only a 
few unramified Galois extensions of Lp and KUp. By [BROS, 1.1, 7.9], the ex- 
tended Lubin-Tate spectrum KUp^, with ir^KUp^ = W{¥p)[u^^], is the maximal 
pro-Galois extension of KUp, both as commutative S'-algebras and as i^(l)-local 
commutative S'-algebras. 

More generally, we suppose that there is a notion of i<'(l)-local Galois exten- 
sions in an extended framework that contains the fraction fields of commutative 
/S-algebras discussed in Section 3, but which also allows for ramified Galois ex- 
tensions. Then let fli be a maximal connected ii'(l)-local pro-Galois extension of 
ff{Lp), or equivalently of ff{Jp)- In other words, fii is to be a separable closure 
of the fraction field of Lp (or Jp). Then for each intermediate such ir(l)-local 
G-Galois extension 

ff{Jp) = ffiLK^S) - ff{A) ^ jJ{B) ^ 

(where ff{B) or K{jf{B)) might only exist in the extended framework), we expect 
to have a weak equivalence 

V{l).K{ff{A))[v^^] ^ V{l).K{ff{B))f^^[v^'] 

and a homotopy fixed point spectral sequence 

El, = H;;{G;V{l)tKiffiB)M']) =^ VilUtK{ff{A))[v^'] , 

as above. Fixing ff{A) and passing to the colimit over all such Galois extensions 
contained in Qi, we are then led to a spectral sequence 

Elt = H-l,{Gff(^Ay,V{l)tK{n,)[v^']) =^ V{l),+tK{ff{A))[v^'] , 

where Gff(^A) = Gsl{Q,i/ ff {A)) is the absolute Galois group, defined as the limit of 
the Galois groups G above. 

In the case A = Lp for p > 5, we achieved a concrete calculation of the abutment 
of this spectral sequence in Theorem 9.5, by methods completely independent of the 
conjectural Galois descent properties. We are therefore entitled to make an edu- 
cated guess at the structure of the £?^-term of this spectral sequence, which in turn 
makes strong suggestions about the form of the Galois module V{l)^K(yti)\y2^\, 
and about the absolute Galois group Gff^^^y 

We therefore study the spectral sequence 

(10.2) El, = H-l,{Gff^L^y,V{l)tK{n,)[v^^]) =^ V{lUtK{ff{Lp))[v^^] , 

which we assume to be an algebra spectral sequence, and one that collapses at the 
£'^-term for p > 5, as is the case for the Galois descent spectral sequence (10.1) 
for any local number field, as well as for any global number field when p > 3. 
The abutment V{l)^K{ff{Lp))[v2^] is isomorphic to P{v^^) tensored with A*, as 
given in Theorem 9.4. Hence the E"^ = £'°°-term of (10.2) is the associated graded 
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for a "Galois" filtration of this P(v^^)-module. Since V2 is invertible, it must be 

represented in Galois filtration s = 0. By consideration of localization sequences in 
motivic cohomology, and the relation of motivic cohomology to Galois cohomology, 
we can partially justify why the other algebra generators dv2, dlogp, dlogfi, f^Xi, 
t'^V2d\ogp and t''^t;2 dlog fi must all be represented in Galois filtration s = — 1. 
It follows that the entire spectral sequence is concentrated in the four columns 
—3 < s < 0, with the product dv2 • dlogp • dlogt^i as the only generator in filtration 
s = -3. 

We display the placement in the £^^-term of the P(f^^)-module generators for 
V {1)^,K {jf {Lp))[v2^], or equivalently the Fp-basis for A*, in Figure 10.3 below. To 

make room on the page, we write ^ and for dlog p and dlog vi , respectively. 
Multiple generators in the same bidegree are separated by colons. The symbol (^2) 
indicates the placement of this ■U2-niultiple of 1. Also to save space, the chart is 
drawn for p = 3, even if we are really assuming p > 5. 



dv2^^ ■ ■ ■ 2p' + 2 

dv2^:dv2^:tv2^^ ■ ■ 2p^ 

eV2f^ dV2:tV2^ iv2) 2p^-2 

t-v2^'^ ev2f 

t^+^V2f'^ t^V2'^ 
tP+^V2^^ tP+^V2^ 
t^PV2^^ tP+^V2f 

tXi^ e^V2^ ■ 2p 

dEd^,fX^^ Ui • 2p-2 

dp . dvi .2\ . 9 

1 

-3 -2 -1 s\t 



Figure 10.3: P(i;J^)-basis for ^ V{l),+tK{ff{Lp))[v2^] 



K-THEORY OF THE FRACTION FIELD OF K-THEORY 



49 



Prom these considerations, it is apparent that V{l)tK{Cli)[v2 ] will be nontrivial 
for each even t, and zero for each odd t. Let us briefly write Mt for this Galois mod- 
ule. The presence of nonzero products by dlogp or dlogui from E'^^^ to -E^_i^i_|_2, 
for each even t and some s, implies that the pairing 

Mt ® M2 ^ Mt+2 

(tensor product over Mq, here and below) is also nontrivial for each even t, since 
the product in the spectral sequence should be induced by the group cohomology 
cup product and this pairing of the coefficients. This can most simply be the case 
if these pairings induce an isomorphism 

for all even t, which we now assume. Since ^ = ior < t < 2p^ - 2, the Galois 

action on M®*-*^^-* should have no invariants for these t, but M®^^ should have 
trivial action. This indicates that the Mo-lincar automorphism group of M2 should 
have exponent {p^ — 1), which excludes Fp, but strongly suggests the minimal 
example M2 = Fp2(l), with some Galois automorphism of ili over ff{Lp) acting by 
multiplication by a generator of the group of units ¥^2 — ^/(p^ — !)• Then Mq = 
Fp2(0) with the trivial Galois action, and letting u G M2 = V{l)2K{ili)[v2^] be a 
generator for M2 as an Mo-module, we see that ~^ generates M2p2_2 = Mo{v2}, 
hence equals a unit multiple of V2- Thus we deduce that the coefficient module 
in (10.2) can most simply be 

V{l)^K{ni)[v2^] = M, = Fp2[u±i] = 7r,(i^2) 

where K2 is the 2-pcriodic form of the Morava _ftr-theory spectrum K{2), related 
to the (elliptic) Lubin-Tate spectrum E2 with 7r*i?2 = W(Fp2)[[i(i]][i(='=^] by K2 ^ 
V{1) A E2. Here K{2) K2 takes V2 to u^'^-'^, and acts on F(0) A E2 by mul- 
tiplication by ititi^"^. In other words, 7r*(ii'2) — '^*{E2)/{p-,ui) = 'K^{E2)/(j),vi). 
We are therefore led to the formula 

V{l).K{ni)[v2^]^V{l).E2. 

By [HoSt99, 7.2], the left hand side is the y(l)-homotopy of Lx(2)^(^^i), and E2 
is ii'(2)-local. 

Conjecture 10.4. K{Cli) is a connective form of E2, in the sense that there is an 
equivalence Lk{2)K{Qi) ~ £^2- 

This would generalize Suslin's theorem, which can be formulated as an equiva- 
lence Lk{i)K{F) ~ KUp = El. Assuming this conjecture, we write Fp2(t/2) for 
the Galois module V{l)tK{^li)[v2^] = V{l)tE2 = 7rt(i^2), which is Fp2{«*/2} for 
t even, and zero for t odd. Then the Galois descent spectral sequence takes the 
following form. 

Conjecture 10.5. For K{1) -local fraction fields ff {A) contained in the separable 
closure fii of ff{Jp) = jf{LK{i)S) there is a natural algebra spectral sequence 



Kt = H^l,{ff{A)-¥p.{t/2)) =^ V{lUtK{ff{A))[v2^] , 
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where HQ^i{ff {A); M) = H'^^^^iG ff (^a)'-, is the continuous group cohomology of 
the absolute Galois group of ff{A). 

The apparent self-duality of the Fp-algebra A* displayed in Figure 10.3 suggests 
that there is such a self-duality in the Galois cohomology of most or all iC(l)-local 
fraction fields contained in fii. Recall [Se97, §11.5] that for each p-local number 
field F there is a canonical isomorphism i?g^;(F,Fp(l)) = Fp, and that by the 
Tate-Poitou arithmetic duality theorem the cup product 

is a perfect pairing for each r and i. 

Conjecture 10.6. For each finite K{1) -local Galois extension ff {A) of ff{Lp) there 
is a canonical isomorphism 

HLi{JJ{^h^P<'^))=^P 

and the cup product 

H^Gai{ff{Ay,¥p-{i)) ® i?S;r(#(^); V(2 - ^ ^^Ga;(#(^); V(2)) = Fp 

is a perfect pairing for each r and i. 

Remark 10.7. Assuming these conjectures, it would be interesting to interpret the 
Galois module Fp2(l) = F(l)2-fC(rii)[f^^] directly in terms of K{p,i), perhaps as 
suitable torsion points of a derived algebraic or formal group over a Galois extension 
ff{A) of ff{Lp). In particular, it would be illuminating to find a (minimal) such 
extension for which 

V{l)2K{ff{A))[v^^] ^ V{l)2K{^^)[v^^] 

is surjective. This would play the role of the p-th cyclotomic field Q(Cp) in the 
case of mod p algebraic i^-theory of number fields, since there is a Bott element 
/? G y(0)2i^(Q(Cp))br^] mapping to m G y(0)2A'(Q)K"^] = IFp(l), up to a unit 
in Fp. We recall that the choice of a p-th root of unity (p determines a group 
homomorphism Cp — > GLi(Q((^p)), a map of E^o spaces 

BCp ^ BGLmiCp)) ^ 0^i^(Q(Cp)) , 

and a map of commutative >S-algebras S[BCp] A'(Q((p)). The Bott class /3 G 
V{0)2{BCp) satisfies pp = viP, as can be seen by mapping along y(0)*(BCp) — > 
K{l)4BCp), and its image in F(0)2A:(Q(Cp)) satisfies /^^"^ = vi = uP''^. 

The calculations of [Au:tcku, 1.1] show that a generator in the (p + l)-st tensor 
power Fp2(p+ 1) = V{l)2p+2K{^li)[v2^] of the Galois module Fp2(l) is realized 
by the unramified A-Galois extension Lp KUp, and its fraction field analogue 
ffiLp) ff{KUp). For there is a higher Bott element b G y(l)2p+2 A'(A;n) that 
satisfies = —V2, whose image in V {l)2p+2K {il.i)[v2^] — ¥p2{uP~^^} must have 
the form wuP~^^, for some element w G Fp2 with wP~^ = —1. Hence kup Qi 
realizes the Fp-subalgebra generated by wu^^^ and u'^^p in Fp2 [u^^^]. The higher 
Bott element is constructed from the map 

K{Z,2) ~ BU{1) BU^ GLi{ku) 
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that interprets the left hand abelian group as the Ui -torsion points in the homotopy 

units of ku. More precisely, BU^ ~ BU{\) x BSU^, and jo-locally BSU ~ BSU^ 
[AP76] is t;i-torsion free, so K{7j,2) is the fi-torsion in BU^. The delooped E^o 
map K{Z,3) BGLi{ku) Q.'^{ku) is adjoint to a map S[K{Z,3)] K{ku) 
of commutative ^-algebras. The Bott clement /3 G F(l)2p+2 (-^(^, 3)) satisfies 
[3P = -V2f3, as can be detected in K{2)^.{K(Z,3)) using [RaWiSO, 9.2, 12.1], and 
its image b in V{l)2p+2K{ku) satisfies 6^"^ = —V2 = —u^ A generator 5 of 
A multiplies 6 by a generator of = Z/(p — 1), so an extension of (5 to a Galois 
automorphism of J7i must multiply u by a generator of F^2 — ^/(p^ — !)■ Hence 
the absolute Galois group of ff{Lp) will act faithfully on Fp2(l). 

Now suppose that there is a homotopy-commutative iJ-space X with 

K{2),{X) ^ K{2),[x]/{xP" = vix) , 

realizing one of the finite irreducible commutative Morava-Hopf algebras [SW98, 
1.4]. Here |x| = 2j, and we assume that {j,p + 1) = 1. Let fiX be the loop 
group of X, and let be the spherical monoid ring. As usual, there will be a 

homotopy commutative S'-algebra map 

S[X] K{S[nX]) = A{X) , 

where A{X) is as in [Wa85]. The unit map S E{2) induces a map y(l)*(X) — > 
K{2)^{X), and we assume that x lifts to a class in V{l)2j{X), with image ^ G 
V{l)2jK{S[QX]), still satisfying ^p' = viC- If one can extend S[QX] to a K{1)- 
local Galois extension jf{A) of ff{Jp) or ff{Lp), then the image ^ G V{l)2jK{ff{A)) 
will map to G V {l)2j K {^li)[v2^] = Fp2(j), up to a unit in Fp2. If wc also arrange 
that ff{A) contains ff{KUp), then ff{A) will realize all of Fp2[n^-'^], since this is 
generated as an Fp-algebra by the classes b i— > wuP^^, ^ i-^ u' and v^^ i— > u^^^ 

Remark 10.8. The optimistic reader can now extend these conjectures for all n > 
1 to Galois extensions in the iC(n)-local category, as seen by the ?;„+i-periodic 
algebraic i^-theory functor y(n)*i^(— )[t;~^^], where the Smith-Toda complex V{n) 
might be replaced with any fixed type (n+1) finite complex (to ensure that it exists). 
The extension Jp Lp is best replaced with the i^(n)-local pro-Galois extension 
LK{n)S — > En with Galois group G„ constructed in [DH04], see [Rog08, 5.4] and 
[AuROS]. We suggest writing for the ii'(n)-local separable closure of the fraction 
field of Lx{n)S or E^. Then Conjecture 10.4 may be extended to the prediction 

and similarly for Conjecture 10.5. If correct, then e„+i = K{Qn)p is a good con- 
nective form of the p-complete commutative S-algebra En+i- 
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